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Abstract

The aim of this review is to describe many approaches
to modulated crystals and quasicrystals developed in
two decades after the introduction of higher-dimensional
crystallography in a unified way. Much attention is
focused on higher-dimensional crystallography of quasi-
crystals, which is under development. After discussions
on symmetries of modulated crystals and methods of
their structure analysis, many subjects on the analysis
of quasicrystals are discussed, which include meth-
ods of generating quasiperiodic tilings, their diffraction
patterns, similarity transformations, indexing problems,
point density of quasicrystals, phason distortion, rela-
tions between quasicrystals and their crystalline approxi-
mants, model constructions, Patterson, refinement and
maximum-entropy methods for quasicrystals, and super-
structures in quasicrystals. In particular, the theories
for octagonal, decagonal, dodecagonal and icosahedral
quasicrystals are given in detail.

1. Introduction

Two decades have passed since the introduction
of higher-dimensioral crystallography for modulated
crystals (modulated structures) and a decade since the
discovery of quasicrystals. There exist three kinds of
quasiperiodic structures to which higher-dimensional
crystallography is applicable. The modulated structure
is the oldest one, which was found in 1929 by
Dehlinger. The so-called composite crystals were
discovered in the 1970’s (Makovicky & Hyde, 1981) and
quasicrystals were found in 1984 (Shechtman, Blech,
Gratias & Cahn, 1984). In particular, the discovery
of quasicrystals extended the applicability of higher-
dimensional space groups to non-crystallographic cases.

After obtaining his Master’s degree at Tokyo Institute of Tech-
nology, Dr A. Yamamoto obtained his doctorate at Kyoto Uni-
versity by studies of modulated structure analyses based on
superspace groups. Since then, he has worked on methods
of structure analyses of modulated structures and composite
crystals, and has more recently been developing the method of
structure analysis of quasicrystals based on a description in
higher-dimensional space.
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The first quasicrystal found forced us to reconsider the
concept of crystals. A quasicrystal shows no translational
periodicity along any direction in three-dimensional
(3D) space but has Bragg spots in the diffraction
pattern. Furthermore, the rotational symmetry is non-
crystallographic, including fivefold axes. The basis for
understanding such a peculiar structure lies in higher-
dimensional crystallography, which was introduced for
incommensurately modulated structures.

In 1974, de Wolff proposed the description of a
modulated structure in 4D space (de Wolff, 1974). This
is based on the fact that the (X-ray) diffraction pattern of
a crystal is the Fourier spectrum of its electron density.
The first remark on the diffraction pattern is that it
is indexable with n (>3) vectors as h = > " | h;b?,
where h is the diffraction vector in 3D space, b} (2 =
1,2, ..., n) are the basis vectors to index the diffraction
vectors with generalized Miller indices b, h,, ..., h,,.
This implies that the location of diffraction spots is
related to an n-dimensional lattice. In fact, the diffraction
spots can be regarded as the projection of the nD
reciprocal-lattice points onto 3D space. The diffraction
spots then suggest a periodic structure in nD space.
From the properties of the Fourier transformation, the
intersection of electron density at the subspace normal
to some direction is obtained from the diffraction pattern
projected onto the subspace along that direction. The
irrational (gradient) intersection of the periodic electron
density leads to an aperiodic structure in the intersection.
Thus, the modulated structure which has lost a period
along some direction can be expressed as an irrational
3D intersection of a periodic structure in nD space. The
symmetry of such a crystal in nD space will be given
by the space group in nD space. The space groups in
4D space were calculated in the 1970’s (Brown, Biilow,
Neubiiser, Wondratschek & Zassenhaus, 1978).

On the other hand, another remark is reflected in
the classification of nD space groups for modulated
structures. In the diffraction pattern of modulated struc-
tures, we can easily recognize prominent reflections
constructing a 3D lattice. These so-called main reflec-
tions are accompanied by weak satellite reflections. This
means that there exists an average structure with 3D
periodicity and a weak perturbation from it. This restricts
the possible point group within the crystallographic ones
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because the main reflections have to be transformed into
themselves by it. Therefore, it is convenient to distin-
guish the three axes in nD space from the others. This
leads to a finer classification of nD space groups. They
are called superspace groups. The theory of superspace
groups was introduced by Janner & Janssen (1977, 1979,
1980a). The first structure analyses of incommensurate
and commensurate modulated structures based on 4D
crystallography were given by van Aalst, den Hollander,
Peterse & de Wolff (1976) and Valentine, Cavin & Yakel
(1977). Yamamoto (1982a) derived a general structure-
factor formula based on nD crystallography.

Another kind of crystal shows different diffraction
patterns, in which two or more sets of 3D lattices
with periods incommensurate to each other are seen.
This implies that the crystal consists of two or more
substructures with different periods at least along one
direction. These are called chimney-ladder structures,
misfit-layer structures, vernier structures or composite
crystals. The diffraction patterns of composite crystals
are also indexable with n (>3) vectors and generalized
Miller indices. For the same reason as in modulated
structures, their point group is crystallographic and the
symmetry is specified by a superspace group (Janner
& Janssen, 1980a,b). The classification of this super-
space group should be different from that of modulated
structures but it is not established yet. In any case, the
structure can be analyzed on the basis of an nD space
group or appropriate superspace group. Such structure
analyses were made by Kato (1990) and van Smaalen
(1991).

In contrast to these two kinds of crystal, there are
no prominent reflections constructing a 3D sublattice
in quasicrystals. Their diffraction pattern shows a non-
crystallographic symmetry. The essential difference be-
tween the quasicrystals and the modulated structures
or the composite crystals exists in these two points.
Usually, quasicrystals are defined by a structure show-
ing diffraction patterns with diffraction spots having
non-crystallographic point symmetry. Examples of the
diffraction patterns of a modulated structure and a com-
posite crystal are shown in Fig. 1, which are compared
with the typical diffraction patterns of quasicrystals in
Fig. 2. All the cases can equally be indexed by more than
three vectors and integers (Miller indices) as shown in
§2.

Since the discovery of a quasicrystal in an Al-Mn
alloy in 1984, extensive studies have been made to
clarify the structure of this unusual material, which has
long-range translational order and non-crystallographic
rotational symmetry. Several important ideas for under-
standing such diffraction properties have, however, been
shown in studies long before this discovery. A basic
concept is a modermn n-dimensional (n > 3) crystal-
lography introduced by de Wolff in 1974 to interpret
the diffraction patterns of the modulated structure. The
root of the structural studies of quasicrystal structures

CRYSTALLOGRAPHY OF QUASIPERIODIC CRYSTALS

comes from the Penrose tiling shown in the same year
(Penrose, 1974, 1977). This is a 2D space filling with
two kinds of tile without gaps, the vertices of which
were shown later to give many sharp spots with tenfold
symmetry in its optical diffraction pattern (Mackay,
1981). In both cases, mathematical theories have been
developed to extend the first primitive ideas. In 1984,
the year of the discovery of the quasicrystal, the theory
of symmetry of incommensurately modulated structures
and the description of their structures in n-dimensional
(nD) space had almost been established. On the other
hand, a mathematical theory of Penrose tiling had been
given by de Bruijn 3 years before the discovery of
the quasicrystal (de Bruijn, 1981) and its extension to
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Fig. 1. Examples of diffraction patterns of modulated and composite
crystals. (a) a”b” plane of the 2D modulated structure 17-TaS,. (&)
b ¢ plane of the composite crystal |Ba],[(Pt, Cu)O3].
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the 3D Penrose tiling with icosahedral symmetry was
published just before the discovery (Kramer & Neri,
1984). Thus, as soon as the first report by Shechtman
et al. was published, the diffraction patterns of the 3D
Penrose tiling were given (Duneau & Katz, 1985; Katz

()
Fig. 2. Diffraction patterns of (a) octagonal Penrose, (b) Penrose and
(¢) Stampfli tilings. Arrows show vectors needed for indexing. Four
of them are independent in (b) and (¢).
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& Duneau, 1986), clarifying that the first quasicrystal
found is related to the 3D Penrose tiling and the nD
crystallography was extended to include quasicrystals
(Bak, 1986; Janssen, 1986). According to this theory,
the symmetries of quasicrystals can be given by space
groups in nD space and their structures are represented
by 3D sections of periodic structures (crystals) in nD
space. This is quite similar to the description of modu-
lated structures. Therefore, we can treat quasicrystals in
a similar manner.

Further important progress in experimental studies
has been made by the discoveries of new kinds of
quasicrystal and stable quasicrystal. New quasicrystals
with octagonal, decagonal and dodecagonal symmetries
have been found in Al-based alloys and Cr-Ni (Wang,
Chen, & Kuo, 1987; Bendersky, 1985; Ishimasa, Nissen
& Fukano, 1985) but these necessitate rapid cooling
from the melt to obtain quasicrystal phases. These are
called polygonal quasicrystals and have a period along
one axis (8- 10- or 12-fold axis) but no period in
the 2D subspace perpendicular to it. In 1986, the T
phase in the Al-Cu-Li system, which was found in
1955 (Hardy & Silcock, 1955), was proved to be an
icosahedral phase (Matthew & Elser, 1986). This is
an equilibrium phase so that it is stable. This enabled
us to grow single-domain quasicrystals (Dubost, Lang,
Tanaka, Stainfort & Audier, 1986). The quality of the
quasicrystals was, however, not very high so that the
number of observed reflections was less than 100. Very
high quality stable quasicrystals were first found in
icosahedral Al-Cu-Fe (i-Al-Cu-Fe) and i-Al-Cu-Cr
quasicrystals (Tsai, Inoue & Masumoto, 1987, 1989).
These materials show a superstructure in 6D space with
the face-centered icosahedral lattice (Ishimasa, Fukano
& Tsuchimori, 1988; Ebalard & Spaepen, 1989). A
superstructure was also found recently in decagonal
Al-Ni—Co (d-Al-Ni-Co) (Edagawa, Ichihara, Suzuki &
Takeuchi, 1992).

There are several methods to obtain quasiperiodic
tilings. These are classified into four categories, which
are called the inflation—deflation method (IDM), dual
method (DM), projection method (PM) and section
method (SM). The first two methods do not use nD
space explicitly. In order to understand the symmetry of
generated tilings, however, the corresponding structures
in the nD space have to be known because the symmetry
of quasicrystals is expressed by that of crystals in
the nD space, which gives the quasiperiodic tilings
as intersections in 2D or 3D external (physical, parallel)
space. It is also necessary to know their diffraction
patterns, which are regarded as the projections of the
nD reciprocal lattice along the internal (complementary,
perpendicular) space.

Such methods of generating quasiperiodic tilings with
non-crystallographic symmetries and the decorations of
them have extensively been considered since the optical
diffraction pattern of the Penrose tiling is quite similar to
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the electron diffraction pattern of decagonal Al-Mn and
the diffraction intensity of the 3D Penrose tiling resem-
bles that of icosahedral Al-Mn. However, their point
density was too small compared with that of the real
quasicrystal. It was shown that important information on
the decoration can be obtained from a crystal structure
with nearly the same chemical composition, which is
called a crystalline approximant (Elser & Henley, 1985;
Henley & Elser, 1986). The structure of the crystalline
approximant is related with that of the quasicrystal by
a linear phason strain (Socolar, Lubensky & Steinhardt,
1986) or a rotation in nD space (Kramer, 1987). The
latter is essentially equivalent to the former so that we
discuss only the former in the following. This method
provides a crystalline approximant structure from a
model of a quasicrystal by introducing an appropriate
phason strain. This was applied to obtain atom positions
of o phase from a small number of atom positions in nD
space without using a model in nD space (Wang & Kuo,
1988). The periodic structures obtained from quasiperi-
odic tilings were considered in decagonal cases (Niizeki,
1991). It was shown that the structure of the R phase
can be derived from a model of icosahedral Al-Cu-Li
(Yamamoto, 1992b). Since the direct determination of
quasicrystal structures is difficult, the structure of the
crystalline approximant gives important information for
the model construction. The aim of this paper is to
describe the subjects mentioned above in a unified way.

The arrangement of this paper is as follows. We
discuss nD crystallography of modulated structures and
composite crystals in §§2 and 3. In §4, the indexing
problems in quasicrystals are discussed. In §§5 and 6,
typical quasiperiodic tilings are derived for octagonal,
decagonal, dodecagonal and icosahedral quasicrystals.
The symmetry of a quasicrystal is given by an nD
space group as shown in §7. A derivation of symmetry
operators from the space-group symbols will be given
in §8. The morphology of quasicrystals is discussed
in §9. The structure factor of quasicrystals in several
approximations will be shown in §10. In §11, the method
of calculating the point density and frequency of subpat-
terns of the tilings will be described. The quasicrystal
structure has to be described by a finite number of
parameters. This problem is discussed in §12. In real
quasicrystals, the defects specific to quasicrystals are
observed in almost all cases. This so-called phason
distortion is considered in §13. It leads to crystalline ap-
proximants under special conditions. Effects of a random
phason in diffraction patterns are also discussed. In §14,
the several structure determination methods proposed
so far are discussed. The modeling of quasicrystals are
given in the succeeding two sections. The quasiperiodic
tilings discussed in §§5 and 6 do not always give
the atom positions of quasicrystals but just give the
framework of their structures. There are many atoms
in other positions. Therefore, modifications or simple
decorations of quasiperiodic tilings will be treated in
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§15 and decorations for cluster models will be explained
in §16. The refinement method is given in §17. In the
refinement stage, a modification of the model may be
necessary. This is assisted by the difference Fourier map
or the maximum-entropy method. The latter is discussed
in §18. Typical tilings can be classified into the normal
structure and its superstructure. This is shown in §19.

2. Quasiperiodic structures

It is known that there exist three kinds of quasiperiodic
structure (aperiodic crystal) mentioned above. Among
them, the incommensurate modulated structure is the
simplest one. This is a crystal distorted periodically with
a period that is incommensurate to that of the crystal.
The composite crystal can be regarded as a general form
of the modulated structure. Because of the interaction
between substructures, one substructure is modulated
with the period of the other. Thus, there exist two or
more interpenetrating modulated substructures in a crys-
tal. Examples of the modulated structure and composite
crystals are shown in Figs. 3 and 4, which give the
diffraction patterns of Fig. 1. These two have the average
structures that are responsible for the main reflections.
We consider them for comparison with quasicrystals,
which have no main reflections constructing a three-
dimensional (3D) lattice. Therefore, it is not appropriate
to consider the quasicrystal as a modulated structure.

2.1. 1D analogs

We compare 2D representations of 1D analogs of
the three structure types in order to grasp common
and different points among them. Fig. 5(a) shows the
standard representation of the modulated structure. The
‘atom’ is continuous along the internal (complementary,

Fig. 3. Ta layer of the modulated structure of 17-TaS;. Atom clusters
are denoted by solid lines.
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perpendicular) space V* and displaces along the external
(physical, parallel) space V ¢. The displacement (modula-
tion function) has a periodicity along the internal space.
The atom position in the external space is given by an
intersection of this 2D periodic structure (crystal) with
the 1D external space (horizontal line). Similarly, the
composite crystal can be given by an intersection of a
2D crystal shown in Fig. 5(b), where two kinds of atom
are present, each of which is continuous along one of the
edges of the square lattice. In contrast, in the quasicrystal
shown in Fig. 5(¢), the atom is continuous in a limited
range and has a jump parallel to the external space at
some points (dotted lines). The continuous part is called
an occupation domain (acceptance domain, window,
atom surface). In these cases, their symmetry is specified
by the 2D space group p2 since only twofold axes are
present at the lattice points regardless of symmetries of
the lattices. The 1D composite crystal shown above is
not realistic because the interatomic distance becomes
zero at the origin. In 2D composite crystals that are
represented in 3D space, this can be avoided if their
coordinates of the additional axis are different. For
the modulated structures and composite crystals, there
are two recent review papers (Yamamoto, 1993b; van
Smaalen, 1995), so that we discuss them only briefly
here.

In these 1D examples, the quasicrystal cannot be dis-
tinguished from the other two by the symmetry, though
real quasicrystals can. However, their characteristic fea-

Fig. 4. The
[Ba[(Pt, Cu)O3]. Solid,
Pt/Cu, Ba and O atoms.

perspective

view of the composite crystal
shaded and open circles represent
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tures are clearly different from each other. They are
reflected in the diffraction patterns (Fig. 6). There exist
prominent main reflections that are arranged periodically
in the external space V¢ in Fig. 6(a) and two sets of

()
Fig. 5. The 2D representations of three quasiperiodic structures in

1D space: (a) modulated crystal, (b) composite crystal and (c)
quasicrystal.

1
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main reflections along the two lines passing through the
origin in Fig. 6(b) but the prominent reflections have no
period in Fig. 6(c). If we recognize these differences,
we can distinguish the three cases by the diffraction
patterns. This means that even in quasicrystals we can
consider structures with crystallographic point groups.
This definition of quasicrystals is somewhat ambiguous
compared to the usual one, where the quasicrystal is
defined as a structure with a non-crystallographic point
group. This problem will be discussed again later. The
difference of the former two lies not in the symmetry but
in the diffraction intensity distribution. If two (or more)
sets of main reflections exist, it is a composite crystal,
otherwise it is a modulated structure. Keeping these
characteristics in mind, we compare their modulation
functions. An important point is that the above represen-
tations are not unique but there exists an infinite number
of equivalent representations for the same structures.
Consider the shear strain that keeps the external space
(horizontal line) invariant. Examples are shown in Fig.
7. Note that one substructure in the composite crystal
can be considered as a modulated structure with a saw-
tooth modulation function shown by thick and dotted
lines (Fig. 7b). There are two cases depending on the
relative average periods. Let the atoms parallel to the
internal space V' be the first substructure and the ones
oblique to it the second. If the first substructure has
an average period shorter than that of the second, the
modulation function is a single-valued function in some
range and without value in the other (Fig. 7b) while, in
the opposite case, it has two values in some region. Such
an example is shown in Fig. 8, where the structure in
V¢ is the same as in Fig. 7(b) but the substructure with
the longer period is chosen as the first substructure. In
the diffraction patterns of real modulated and composite
crystals shown in Fig. 1, the modulated structure (Fig.
la) is 2D modulated so that five vectors are necessary
to index the diffraction pattern. This is an example of
modulated structures caused by the charge density waves
that are seen in transition-metal chalcogenides (Willson,
DiSalve & Mahajan, 1975). The other one (Fig. 1b) is
an example of typical misfit-layer structures seen also in
transition-metal chalcogenides (Yamamoto, 1993b; van
Smaalen, 1995).

In the above examples, we consider only the lo-
cation of atoms. The shift of the atom position from
the average structure is called a displacive modulation.
There exists another kind of modulation, which is called
an occupational or substitutional modulation. This is
usually accompanied by the displacive modulation but,
in some cases, the displacive modulation is small. In
the occupational modulation, the occupation probability
of an atom changes depending on the position. Sub-
stitutional modulation often occurs in alloys, where an
atom site is occupied by two atoms and their occupation
probabilities change with the position. Usually, the dis-
placive modulation in alloys is small but not negligible

CRYSTALLOGRAPHY OF QUASIPERIODIC CRYSTALS
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Fig. 6. Diffraction patterns of the three quasiperiodic structures shown
in Fig. 5: (a) modulated crystal, (b) composite crystal and (c)
quasicrystal.
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Fig. 7. Other representations of 1D quasiperiodic structures: (a)
modulated crystal, (b) composite crystal and (c) quasicrystal. These
have the same structure as in Fig. S in the external space, so that
they are equivalent to the representations shown in Fig. 5. The
dotted lines in (b) denote the jump of modulation function of one
substructure when the modulation function of the substructure is
regarded as the standard representation.
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(Yamamoto, 1982b). On the other hand, the polytype
of SiC can be regarded as a commensurately modulated
structure with a pure occupational modulation, where the
displacive modulation can be ignored (Yamamoto, 1981;
Yamamoto & Inoue, 1982). As mentioned before, all
quasicrystals found so far are alloys except for Tag, Te,,,
which was found quite recently (Krumeich, Conrad
& Harbrecht, 1994), so that substitutional modulation
may occur in an occupation domain. In general, the
temperature factor is also dependent on the position
(temperature-factor modulation) because the local en-
vironment is generally different and depends on the
position.

2.2. Structure factor

For the structure-factor calculations, several formu-
las have been proposed. In the following, we neglect
the occupational and temperature-factor modulations for
simplicity. Since the structure is periodic in 2D space,
the structure factor is given by the Fourier integral of the
electron density over the unit cell. This has simple forms
for all cases. Those for the modulated and composite
crystals are similar to that of the quasicrystals when they
are expressed in the following form. For the reflection
with the diffraction vector h = h d} + h,d; (d} and d;
being the unit vectors of 2D reciprocal space), this is

F(h)= 32 > f"(h)p" exp[-B*(h*)*/4]

# {Rlt}r
x exp[2mih - (RX* + t)]gf (R™'h), (1)

where the average position, temperature factor and oc-
cupancy of the pth independent atom are represented
by X*, B* and p". gj(h) and f*(h®) are the Fourier
integral of the modulation function and atomic scattering
factor of the uth atom at the diffraction vector h and its

i

Fig. 8. Another representation of the composite crystal. This is
equivalent to Fig. 7(b).
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external space component h®. The sum of {R|t}* runs
over the symmetry operators of the space group that
create new atoms in a unit cell from the independent
ones. They agree with the coset representatives of the
site-symmetry group.

The form of the Fourier integral is different in each
case because of the difference in modulation functions.
In the modulated structure in Fig. 5(a), there is one atom
in the unit cell of 2D space and its modulation function
is given by

r) =7} +d} -u'sin(277)) = T} + Az), (2

where z, and z, are the coordinates of atoms with
respect to the unit vectors d, and d, of the 2D lattice
(Fig. 5), z, is the coordmate of Lhe average posmon
which is represented by vertical lines in Fig. 5(a), u is
the amplitude of the displacement wave parallel to the
external space. In a simple sinusoidal modulation wave
as in the present case, the structure factor is given by
the Bessel function (Yamamoto, 1982a):

go(h) = fd:v2 exp[2mi(h, Az + h,7,)]
= J_h2(27rh‘u ), (3)
where J_ is the Bessel function of order m. On the

other hand, in the composite structure, the unit cell
accommodates two atoms, so that y takes values 1 and
2 in (1). For the first atom, the modulation function has
the same expression as (2). For the second atom,

73 =75+ d; - u’sin(2rT) = 15 + Az (4)

and

g5(h) = (a
= (al/a2)J—hl(27rh'u2)v ©)

where a, and a, are the average periods of the first and
second substructures in the external space.

It should be noted that (2)«5) are independent of the
difference in the representations in Figs. 5, 7 and 8. Note
that the Bessel function depends only on the external
component of the diffraction vector h and the order,
which is the satellite index. The structure factors of the
main reflections are given by J,(27h - u), while those
of the kth-order satellites are given by J,(2wh-u). This
means that the intensity of the main reflection decreases
with the increase of the external component of h, while
the satellite intensity increases. Such a tendency is seen
in Figs. 6(a) and (b). Another important point is that the
displacive modulation gives second- and higher-order
satellites even when the modulation wave is harmonic

I
\/a,) [ dZ, exp[2mi(h,T, + h,Ax3)]
0
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as in the present case. They are called diffraction har-

monics. In contrast to the displacive modulation, the

occupational or substitutional modulation does not give

the diffraction harmonics. This case is discussed later.
For the quasicrystal, g/ can be given by

go(h) = [ dt exp(2rhit) = 2rsin(2whir)/2nh'r,
(6)

where 2r is the length of the atom along the internal

space (the size of the occupation domain) and A’ is the

internal component of the diffraction vector h. The right-

hand side of (6) indicates that the intensity decreases

with the internal components of the diffraction vector.
Consider a pure occupational modulation,

P*(Z,) = py + Pl cos(2T, + @), (7)

which represents the continuous change of the occupa-
tion probability along the second axis without accom-
panying the displacive modulation. Then the structure
factor becomes

=2 X fh®)exp[-B*(h)*/4]

© {Rt}

x exp[2mih - (BX* + t)]gt'(R™'h) (8)
and
1
5(h) = [dT, p*(T,) exp(27ih,T,)
0
pﬁ for h, =0
=9 pl exp(Fip)/2 forh,=%1 (9
0 otherwise.

This means that the Fourier amplitude p, contributes
only to the main reflections and p, to the first-order
satellite reflections. This is because the structure factor
depends linearly on the occupation probability. This
causes a problem in the determination of the occupa-
tional modulation waves including higher harmonics.
Since the kth-order Fourier amplitude of the occupa-
tion probability contributes only the Ath-order satellite
reflection, its intensity is independent of the phase shift
. Therefore, we cannot determine the phase shift, which
is necessary for the determination of the modulation
wave. Fortunately, the real occupational modulation is
accompanied by the displacive modulation. Then the
intensities of the satellite reflections depend on the phase
shift and they can be determined. It should be noted that,
if the displacive modulation is weak, the occupational
modulation wave with wrong phases may give a small
R factor for the satellite reflections. The final result
has to be checked by the fact that the occupational
modulation wave is within a physically reasonable range
©<p<.
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As a special case of the commensurate occupational
modulation, we consider the SiC polytype. This provides
many long-period structures. The lattice is either hexag-
onal or rhombohedral. This can be regarded as a layer
structure with the same stacking interval where the Si
and C atoms are located in each layer at one of three
special positions (0,0, z), (1/3,2/3,2) or (2/3,1/3,2)
of the hexagonal unit cell. If Si takes one of these
positions, C is always located at the same positions
but with z 4+ Az. Therefore, the determination of the
polytype structure is reduced to the determination of
the Si position. The occupational probability of these
positions is either one or zero. Thus, we have a sequence
of zero and one along the ¢ axis, which can be recognized
as an occupational modulation wave. The modulation
wave is given in terms of Fourier series. We cannot,
however, determine the phase shift of each Fourier term
because of the reason mentioned above. The problem
is solved by using the penalty function (Yamamoto,
1981; Yamamoto & Inoue, 1982), which restricts the
occupation probability of each site within a physically
reasonable range.

In real modulated structures, there are several atoms
in the »D unit cell and the modulation function may
be anharmonic. Then the Fourier integral g,(h) does
not have a simple analytic form any more but can be
calculated numerically. The structure factor of a general
anharmonic modulation has been given (Yamamoto,
1982a), which can be expanded in terms of the prod-
ucts of many Bessel functions (Petfi¢ek, Coppens &
Becker, 1985). The structure factor of composite crys-
tals is the weighted sum of the structure factor of
the modulated substructures as ... (V*/V')F¥(h),
where V¥ is the unit-cell volume of the vth average
substructure and F¥(h) is the structure factor of the
modulated substructure. A least-squares-refinement pro-
gram based on the general structure-factor formula was
written by Yamamoto (1982a) and programs applicable
to composite crystals by Kato (1990), Petticek, Maly,
Coppens, Bu, Cisarova & Frost-Jenssen (1991) and
Yamamoto, Takayama-Muromachi, Izumi, Ishigaki &
Asano (1992).*

23. Symmetry

The symmetry of the modulated and composite crys-
tals is given by a space group of higher-dimensional
space so that, in the present case, the space group is
given by a 2D space group. This is also applicable
to the quasicrystals. A characteristic feature for such
quasiperiodic structures is that their space groups only
necessitate a part of 2D space groups. For example,
the space groups with square and hexagonal lattices
do not appear, since the first and second axes are

* A program system for modulated and composite crystals written
by the author can be obtained via the Internet by anonymous flp
(ftp.nirim.go.jp/pub/sci’/REMOS).
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equivalent in these cases, while they are not equivalent
in the quasiperiodic structures. The condition for their
point groups is that they are (1 + 1)-reducible. In real
quasiperiodic structures in 3D space, which can be
represented as an nD crystal, the point groups are
(3 + d)-reducible, where d = n — 3 is the dimension of
the internal space. This means that the matrix represen-
tation of the rotation operator in 2D (nD) space becomes
a (1 + 1) block diagonal [(3 + d) block diagonal] matrix
by an appropriate transformation, or there exist two
subspaces, each of which is invariant under the point
group. For modulated and composite crystals, another
condition comes from the incommensurability between
the axes. In nD cases, the external components of
additional d axes are incommensurable with those of
the first three axes. A similar condition excludes space
groups with a rectangle lattice in the present 2D case.
Thus, the allowed space groups in 2D are only p1 and p2,
which are represented by the superspace-group symbols
1{c)1 and 1{c)] (see below).

In fictitious modulated structures in 2D space with 1D
modulation, the same condition excludes orthorhombic,
tetragonal, hexagonal and cubic 3D space groups and
only the triclinic and monoclinic space groups are related
with the symmetry of such structures as shown by
de Wolff (1974). Furthermore, in order to distinguish
between main and satellite reflections, a classification
finer than that for usual space groups (or nD space
groups in general cases) was introduced. The space
groups classified by such an equivalence relation are
called superspace groups. In fact, 15 triclinic and mono-
clinic 3D space groups are classified into 22 (2+ 1)D
superspace groups.

3. Modulated and composite crystals

3.1. Superspace-group symbols

The symbol of the (3 + d)D superspace group consists
of the symbol of a 3D space group of the average
structure and additional symbols. In the following, we
consider only (3 + 1)D cases. There are two types of
symbol, one-line and two-line symbols. In the one-line
symbol, the superspace group is expressed by the 3D
space-group symbol followed by the modulation wave
vector and the translation along the additional axis.
For example, consider two superspace-group symbols,
P3,12(1/3, 1/3,~) and R32(0, 0, v)10. These mean that
their average structures have the space groups P3,12
and R32 and the wave vectors of the modulation waves
are 1a* + 1b* + yc* and ~c*, where a Greek letter
represents an irrational number and the hexagonal unit
vectors a*, b*, c* are used to express the wave vector
in the rhombohedral case. (If the lattice of the average
structure is centered, the wave vector is represented by
the unit-vector components with respect to the centered
lattice.) The former superspace group has no intrinsic
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part of the translation along the fourth axis, while
the latter has a 1/3 translation along the fourth axis
for the threefold rotation. If the intrinsic parts of the
translation along the fourth axis accompanied by the
operators in the symbol are all zero, they are neglected
as in the first symbol.} The same superspace groups
are represented also by R”)1|# and P®32. The two-line
symbol consists of the prefix representing the rational
part of the modulation wave and the space-group symbol]
in the upper line and the intrinsic translation along the
fourth axis corresponding to the operators in the space-
group symbol (de Wolff, Janssen & Janner, 1981) in
the lower line. If this is zero, 1 or 1 is written in the
lower line according to whether the rotation operator
transforms the irrational component of the wave vector
into itself or its inversion. In the present case, twofold
rotation in the ab plane inverts k = -yc* into —k, so that
the corresponding symbol in the lower line is 1. The
prefixes A, B, C, L, M, N, U, V, W and R represent the
rational components (1/2,0,0), (0,1/2,0), (0,0,1/2),
(1,0,0), (0,1,0), (0,0,1), (0,1/2,1/2), (1/2,0,1/2),
(1/2,1/2,0) and (1/3,1/3,0) in the modulation wave
vector. The intrinsic parts of the translation along the
fourth axis, :t%, :i:%, :t% and :l:% are represented by s, ¢,
q and A in both symbols. The superspace groups are not
equivalent if the space groups of the average structures
are not equivalent to each other as usual 3D space
groups. Therefore, some superspace groups may be
equivalent to each other under the equivalence relation
of nD space groups. In fact, these two superspace groups
are equivalent as the 4D space group.

If the wave vector is located at the Brillouin zone
boundary of the average structure, it has a rational
component of 1/2, 1/3 or 1. The last one appears only
in the centered lattice. In the first two cases, we use
new centered lattices in 4D space. In the first case,
the corresponding axis is doubled or the reciprocal unit
vector is halved, except for the tetragonal lattice with
the wave vector (1/2,1/2, ). Then, the centered lattice
gives the reflection conditions for general reflections
[see Table 9.8.3.6 in Janssen, Janner, Looijenga-Vos &
de Wolff (1992)]. The second one appears only in the
trigonal system with the form (1/3, 1/3, 7). In this case,
we take the new axes a*’ = {(a* +b*), b" = {(-a" +
2b*) and ¢*’ = c*. Then, the reflection condition for
this centered lattice is given by h, — h, ~ h, = 3n
for general reflections h,h,h.h,. In the exceptional
tetragonal case with the wave vector (1/2,1/2,~), we
take a¥ = i(a* + b*), b¥ = 3(—a" + b*) and
¢* = c*. The reflection condition for general reflections

f The intrinsic part of the translation is the part that is invari-
ant under the shift of the origin. For example, in the operator
{o-{1/2.1/2.1/2}, the intrinsic part is 1a + %b since, if we choose
the origin at %c‘ this becomes {0':[1/22, 1/2,0}. Note that if the
rotation operator inverts some axes, the corresponding translation
components are not intrinsic but specify the location of the symmetry
element.
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then becomes h, + h, + h, = 2n. For these cases, the
new ¢ and b axes in the standard setting are rotated by
30 and 45° from the original ones.

The superspace group of composite crystals can
be specified by a superspace group of modulated
structures (Janner & Janssen, 1980b). However, there
exist many cases where the superspace group of
one modulated substructure is not equivalent to that
of the other substructure. In Ba (Cu, P)O;, the two
average substructures have space groups P31c¢ and
R3m, which are clearly non-equivalent as 3D space
groups, so that corresponding 4D superspace groups
of modulated substructures, P31c(1/3,1/3,v,) and
R3m(0,0,v,)0s, are not equivalent as superspace
groups but equivalent as 4D space groups. Thus,
the equivalence relation for superspace groups of
composite crystals must be different from that for
the superspace groups of modulated structures. One
possibility is to use an nD space group but this
cannot take into account the existence of main and
satellite reflections, which is the characteristic feature
of composite crystals. Yamamoto (1992a) proposed
the combined use of two superspace-group symbols
for composite crystals with two substructures. In this
symbol, the superspace group of Ba (Cu,PH)O; is
represented by P31c(1/3,1/3.7,) R3m(0, 0, v,)0s.
A similar superspace group P3,12(1/3,1/3,,)
R32(0, 0, v,)t0 appears in the inclusion compound with
1,10-dibromodecane, which is the combination of the
two superspace groups discussed above. In this notation,
a limited setting (unified setting) is used to remove
an ambiguity of the symbol. The wave vector of one
modulated substructure is chosen among the reciprocal-
lattice vectors of the other. Then the treatment of the
composite structure becomes similar to that of the
modulated structure. In particular, the introduction of
completely new symbols for composite structures is not
necessary but necessitates several additional prefixes in
the two-line symbol (Yamamoto, 1992a). The unified
setting, however, may require a non-standard setting
for the unit cell of the average structure and for the
superspace group. For example, the body-centered lattice
or face-centered lattice may be necessary for monoclinic
or triclinic cases [see Table 1 in Yamamoto (19935b)].*
The choice of the modulation wave may lead to the
rational component like (1, 1/2,0), for which the prefix
of the two-line symbol was not given. The extended
prefix necessary for superspace groups of composite
*In this table, the superspace group Mr'f’lz';’ : MFT%T of [M X],
[M = (Pb, Ta,S), (Sm, Ta, S) and (Bi, Ta, Se)] should be read as
xFwdn . ™ The superspace groups of [M3CrXal[M3X1:[Cr7X)5]
for (M. X) = (Ba, Se). (Sr.S), (Eu, S), (Pb, S) is Pho/ s« PR/ .
Pﬁﬁj‘\v/'é'. where .ss. below 63 means that the sixfold screw axis does
not change the second and third wave vectors and the corresponding

shifts along the fourth and fifth axes are both 1/2 while 2 below m
shows that the mirror plane inverts both wave vectors. The superspace

group of [Br],[TTF] should be replaced by Pczi/'{' : PC%/'{'.
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structures or for non-standard settings of superspace
groups are given by Yamamoto (1992a). The added
symbols are D, E, F, G, H, I, X, Y and Z for (1/2, 1, 0),
(1/2,0,1), (0,172, 1), (1,1/2,0), (1,0, 1/2), (0, 1, 1/2),
0,1,1), (1,0,1) and (1, 1,0). The symbol is applicable
to almost all composite structures found so far. There is
one exceptional case, Hg,_,AsF,, in which there exist
two Hg substructures and one Hg substructure is related
to the other by the symmetry operator in the nD space
group. This symmetry operator is not included in the
superspace group of each substructure. This reminds
us of the groupoid symmetry in normal crystals. In
some cases, the space-group symmetry cannot give the
true diffraction symmetry of crystals. This is known
as diffraction enhancement. The general theory of
diffraction enhancement has been given by Sadanaga
& Ohsumi (1979). They showed that the symmetry
of crystals in a category can be given by a groupoid,
which is a set of symmetry operators of substructures
and operators transforming one substructure into the
other. The former constructs a space group and is called
the kernel of the groupoid, while the latter is called
the hull. Such a case appears in the commensurate
phase (locked-in phase) of NbTe, (Yamamoto, 1985b).
This consists of four (NbTe,)_ , columns parallel to
the tetragonal ¢ axis, which are located at (0,0, z),
0,1/2,2), (1/2,0,2) and (1/2,1/2,7) (Bronsma, van
Smaalen, de Boer, Wiegers, Jellinek & Mahy, 1987;
Budkowski, Prodan, Marinkovi¢, Kucharczyk, Uszynski
& Boswell, 1989). The second and third columns
are obtained from the first one by the translations of
{E]0,1/2,1/3} and {E|1/2,0, 1/3} and the fourth one
with {F|1/2,1/2,2/3}. They are not included in the
space group but special extinction rules suggest the
existence of such operators. In the case of Hg;_ AsF,
the situation is slightly different because the kernel and
the hull construct a higher-dimensional space group.
The groupoid includes the group, so that this can be
considered as a special case of the groupoid symmetry.
It is noted that elements of the hull can be used in the
usual refinement program. Therefore, the analysis based
on the groupoid symmetry is applicable to Hg, _ AsF,
and NbTe,.

The superspace groups of 1D modulated structures are
listed by de Wolff, Janssen & Janner (1981) (see also
Yamamoto, Janssen, Janner & de Wolff, 1985). Their
symmetry operators and superspace groups equivalent
to them are available via the Internet from the author
(http://www.nirim.go.jp/~yamamoto). Provisional tables
of superspace groups and symmetry operators for 2D
modulated structures are also available from the same
WWW site. In some settings of the unit vectors of a
1D modulated structure, the superspace-group symbol is
not present in the table of de Wolff, Janssen & Janner
(1981) or in International Tables for Crystallography
(Janssen, Janner, Looijenga-Vos & de Wolff, 1992). This
is however equivalent to one superspace group in the
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table. In particular, we may encounter one superspace
group related to the different choice of the modulation
wave vector. This is discussed by Yamamoto, Janssen,
Janner & de Wolff (1985). In such a case, we can
find the superspace group in the standard setting by the
different choice of the unit vector and/or wave vectors
as discussed below.

3.2. Superspace-group determination

As is clear from the symbol of the superspace group,
the space group of the average structure has to be
determined by diffraction patterns of main reflections.
The wave vector is also easily found from the diffraction
pattern. Finally, we have to determine the intrinsic
part of the translation along the fourth axis. This is
obtained from the reflection conditions or extinction
rules. In order to consider the reflection conditions, we
have to use an appropriate centered cell for the cases
where the wave vector is located at the Brillouin-zone
boundary and, as a result, the wave vector includes
rational components as discussed above. If such a set-
ting is not a standard one, we can interchange the
unit vectors a*, b*, c¢*. In International Tables for
Crystallography (Janssen, Janner, Looijenga-Vos & de
Wolff, 1992), the axes are chosen so that the irrational
component of the wave vector is parallel to the c* axes
in the axial monoclinic, orthorhombic, tetragonal and
hexagonal /trigonal systems. In the planar monoclinic
system, the wave vector is chosen as {«, 3,0). Another
setting is possible by adding a reciprocal-lattice vector of
the average structure to the wave vector. This sometimes
leads to a superspace group with standard setting having
different reflection conditions. The superspace group of
the standard setting will be found by such a procedure.
Finally, the symmetry operators of the superspace groups
are obtained from the author’s table mentioned above
or can be calculated from the symbol since the symbol
consists of the generator of the group. The determina-
tion of the superspace groups of composite crystals is
somewhat complicated (see Yamamoto, 1992a, 1993b;
van Smaalen, 1995). The superspace group can also
be determined by convergent-beam electron diffraction
(Terauchi, Takahashi & Tanaka, 1994).

3.3. Structure determination

For the modulated and composite crystals, the
trial-and-error method is useful in particular for one-
dimensionally modulated structures. This is because
the average structure can be analyzed by conventional
methods and the modulation is a weak perturbation.
Thus, the least-squares method is applicable to the de-
termination of modulation functions. The determination
of the modulated crystals (or composite crystals) can
be made in two steps. First, the average structure (or
average substructure) is determined by using only main
reflections (or main reflections of each substructure).
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Since the average structure is a 3D periodic structure,
any techniques for conventional crystals are applicable.
It should be noted, however, that the temperature factor
of the average structure is affected by the presence
of the displacive modulation and we may have large
temperature factors. This will be reduced when the
displacive modulation is taken into account. The effect
of the displacive modulation in the temperature factor is
usually anisotropic, since the displacement of atoms is
in general anisotropic. In composite crystals, the relative
positions of average substructures are determined by the
reflections common to the substructures.

In many cases, the refinement method is efficient to
determine the modulated or composite crystal structures.
In particular, it is successfully used in 1D modulated
structures. In this case, the Fourier amplitude corre-
sponding to prominent satellite reflections is refined first.
Usually, the first-order satellite reflections are strongest
compared with the higher-order ones. Then, we can
refine the first-order Fourier amplitude first starting
from an appropriate initial value and add the Fourier
amplitude of the next-strongest satellites. This is based
on the fact that the nth-order Fourier amplitude of
the modulation function contributes mainly to the nth-
order satellite reflections. If the atoms are located at
the special position in the average structure, the form
of its modulation functions are generally constrained
because of the site symmetry in the superspace group.
Such constraint conditions are discussed by Yamamoto
(1982b,c). The form of the restriction depends on the
transformation properties of the modulation function
because they are different for a scalar, a polar and an
axial vector, and a tensor. The restriction comes from the
fact that the modulation functions have to be invariant
under the site symmetry. For example, let the modulation
function of the displacement u(Z,) be invariant for
{R|7}. This condition is written as

w(z,) = Ru({R|7}~'7,) = Ru(xz,F7,), (10)
when R’k = £k, where 7, is the fourth component of the
nonprimitive translation 7. The action of the rotation I?
on the displacement vector u is the same as in the usual
3D space group since the rotation matrix in the standard
setting is (3 + 1) block diagonal and the first 3 x 3
part is the same as the matrix in the 3D space group
of the average structure. [Note that « and b axes for
k =(1/3,1/3,7) in the trigonal and k = (1/2,1/2,~)
in the tetragonal cases are rotated in the standard setting
as mentioned above.)

The restriction of the modulation wave is also ap-
plicable to composite crystals. The composite structure
is a general case where there exist several modulated
substructures in a crystal as mentioned above. We can
choose the standard setting for each modulated sub-
structure when we consider that substructure (see Figs.
76 and 8). As shown in §2.2, the structure factor

CRYSTALLOGRAPHY OF QUASIPERIODIC CRYSTALS

does not depend on the setting. Thus, the possible
modulation waves for each substructure can be obtained
by considering the superspace group of that substructure
and the site symmetry. Several other methods have
been developed to obtain the modulation functions. The
Patterson or partial Patterson function in 4D space was
used for modulated structures by Steurer (1987). The
direct method was introduced by Xiang, Fan, Wu, Li
& Pan (1990). The maximum-entropy method (MEM)
was employed for known structures and its possibility
in structure determination was discussed (Steurer, 1991).
They were applied to 1D modulated structures.

In our experience, the selection of initial Fourier
amplitude seems not such a serious problem for 1D
modulated structures. The procedure mentioned above
gives smooth convergence of the R factor in many
cases. On the other hand, in some 2D or 3D modulated
structures, the situation is different. If we choose a
wrong amplitude, the correct result may not be obtained.
This is due to the following. In the 1D case, the sine
(or cosine) wave with positive and negative amplitudes
with the same absolute value is equivalent since this is
equivalent to the phase shift of the modulation wave
by 7 and the first structure is overlapped by the second
by an appropriate shift in the external space. On the
other hand, in the 2D case, there exist two modulation
waves for one atom and their wave vectors are generally
oriented in different directions. Then the change of the
sign of the amplitude may cause a different structure.
For example, consider the 2D modulated hexagonal
structure with modulation wave cos(27Z,] +cos[2nZ] +
cos[2n (T, + Z,)|, where the modulation wave vectors
are (,0,0) and (0, ,0). This is not equivalent to
—C08[27T,] — cos[2mT] — cos[2n(F, + T)], since these
functions cannot be overlapped by any phase shift,
giving essentially different structures. In such a case,
we need to know the correct sign or to try both cases.
The Patterson and direct methods may be efficient in
such cases but no attempt has been made so far.

In some organic compounds, the refinement encoun-
ters a difficulty because the number of parameters is not
small compared to the number of observed reflections.
Then it may be efficient to use a rigid-molecule ap-
proximation, where the internal motion of the molecule
is neglected. The motion of the molecule is specified
by six parameters, three for the translation of the rigid
molecule and three for the small rotation around an axis.
If the rotation is small, the displacement of all atoms in
a molecule can be specified by an axial vector w by
the vector product w x r*, where r* is the positional
vector of the uth atom in the molecule from its center
of gravity. Such an approximation was implemented by
Petficek, Coppens & Becker (1985) in their refinement
program JANA. This is not applicable to large rotational
motions. Such a large motion was observed recently
in hexamethylenetetramine suberate (Gaillard, Paciorek
& Chapuis, 1995). This shows the diffraction pattern
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Table 1. Modulated crystals with 1D modulations and their superspace groups

Compound

LiT63
¢-{NH;C,H;],MnCl,

MA,Te, (M = Nb, Ta, A = Si, Ge)

NbGeg 4Te,
7 -[NH;C3Hy]; - MnCly

Na, TiP, 0y
Na, sFeP,0q
TaSiy, 3, Te,

Y(Ba, Sr),Cu, sB; 50,
Ky 3Mo0;

Rby ;M0o0O,
LaMos0 4

Cuy_,Te,

Niy_,Te,

Bi; 9551 34CuO; _
(1—x)Tay,Os - xWO4
Zr0,_ Fy,

La; ;sMogOy¢
Nb,Zr,_ 3054

Yb;_ S,

MogOy3

Tay 72Nby 23 Tey
[NH,(C4H;)], - CuCl,
a-PbO

SC(NH,),

&-[NH;(C;3Hy)]; - MnCly
TaTe,

Bi,(Sr.Ca);Cu,y 0y,
Bi,SryFe, 0y,
+-Na,CO;,

KFeF,

Cs.CdBr,

AuTe,

A(AL Si);04 A = (Na, Ca)

ZrTiO,

CuAull
NaNO,
BaMnF,
SC(NH,),
DMM(TCNQ),
a-U

NiTe,

One-line symbol

R3m(004)0s
P2, /b(0:30)0s
Pnma(00~)s00

P2, /n(0:37)
Abma(a0l)

P2/ c(0,30)0s
Bmcm(O%‘)' )s00
Pnma(00)s00

Pmmm(0,3})
C2/m (03})s0
C2/m (033)50

C2ca(0,30)

Pmmm(031)
Pmmm(a00)00s

A2/a(aln)
Cmmm(0:30)s00
Cmmm(0:30)s00

14(004)
Amma(a10)0s0
Pnma((:30)00s
P2/c(a

i

P4/ncc(007)
Phca(00)ss0
C2mb(00)
Pnma(0.30)s00

Abma(0:30)s00
P4/ncc(004)

Bbmb(0.31)
Frumm(0:31)00s
C2/m(a07)

Amma(0.30)00s
Prnma(a00)0ss
C2/m(a07)0s

Pl(a 37)

Pbc2,(030)

Fmmm(().30)
Immm(a (X))
P2 nb(a 3 $)0gq
Pnma(0.30)
Pl(a 34)
P?./m(—; 34)
P4/ma'(l2 '3‘, )

Two-line symbol

R3m
P 1s

P2 /b
PP" s
nma
P s

P2 /n

P))

Abmu
N

PP?/(’
s
Bmem
B st
Pnma
P s

iy
Cc C2/m

s 1
c C2/m

s
ps
e
P
P
P C :VIIIVI”II
Pl

P"

e
e
8"
i
P

C2mb

P 1
Pnma
P KRR

Abma
P 510
P4/ nce
P i
Bbmb
N 111
Fimm
N Ly
C2/m
P 10

Aninra
P Iy
Prma
P 1 /\ K
C2/m
P 1 s
Pl
P 1
Pbc2y
P 11

Fmmm
N 11
Fann
P bsd
P2inb
1 qq
Pnma
P [RE
Pl
P |
P2/m
(U

M,Pd/:m ¢
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Table 1.
Compound One-line symbol ~ Two-line symbol
«r-CuNSal-Cu(CgHgNO;,), 1ha2(c00) P”ﬁ%
a-NiNSal-Ni(C4gHgNO,), Iba2(00) plie?
Biphenyl! Pa(030) PP‘:
BaggMgO,s M = (Ti, V, Cr) 14/ m(00~) p":/’i"
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(cont.)
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Table 2. Modulated crystals with 2D or 3D modulations and their superspace groups

Compound One-line symbol  Two-line symbol
TTF-TCNQ P2,/c (a30) pha/e

Mo,S; Pl(aBy)Apv) Ph Schutte,
BaNiP, P6ymc(aa0) P;:’-‘:; van der
Auy, . Cdy_,  P6y/mmc(aa0) prs/mm

IT-TaS, Pias)) T

&-CuSb P63/ mmc(aa0) P;”/ o ",';

Fe,_,0 Fm3m{a00) |

VgNigSi;  Im3m(aal + a) N fmm Withers,
Cu,S-S, Fm3m(aaa) P,t:;:
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Table 3. Composite crystals and their superspace groups; the substructures are enclosed by brackets

Compound One-line symbol Two-line symbol References

[LaS],[CrS,] Ci(al + 37) : Cltal + B7) M Mo Kato (1990)

[LaS], [NbS,] Cm2a(oy 18) : Fm2m(a,10) 1572 M van Smaalen (1991)

[PbS],[TiS,) C2/m(O17,)s0 : C2y/m©ly) M/ - MP/™  van Smaalen (1991)

[SnS],[NDS,] Cm2a(a,10) : Cm2m(ay10)  MT% - M  yan Smaalen (1989)

[PbS],[VS,) F2(a(10) : Cm(cry13) M2 e van Smaalen (1989)

[Sr),[TiS;] P31c(3 17 : R3Im(00v,) RPIC . PE™ Onoda, Saeki, Yamamoto & Kato (1993)

[Ba),[TiS;] P31c(}47)) : R3Im(00,) RPN PRI Ukei, Yamamoto, Watanabe, Shishido & Fukuda
(1993)

[Sr,Cuy 04 ][Cu0, ], A2,ma(017,) : A2,ma(0l2;)  M*N™ . M*™ Uk, Shishido & Fukuda (1994)

[Ba], [FeS,] I4mm(10y,)1ss : Bbm(104,)1ss L™ . L™ Onoda & Kato (1991)

[BiSe], [TaSe,] Fm2m(a,00) : Pm2m(a, 53y PFPYT - UPTT Petticek, Cisarova, de Boer, Zhou, Meetsma, Wiegers
& van Smaalen (1993)

[ZrA)[A), (A = N, O,F)  Abmm(00y,)0s0 : Pmcm(O%‘)z) PAI:':"? : BP,, ] Schmid & Withers (1995)

of 1D modulated structures but the satellite reflection
intensities are comparable with those of main reflections,
indicating that the modulation amplitudes are very large.
In addition, the modulation wave is strongly unharmonic,
giving up to fourth-order satellite reflections. In princi-
ple, the complete description of a rotational motion of a
rigid body can be made by the rotation around the center
of gravity, which is given by an orthogonal matrix. It is
known that the 3 x 3 orthogonal matrix can be given by
three parameters known as the Eulerian angles ¢, 6 and
2. It is noted that the description is more complicated
than that of the approximation mentioned above but it
does not necessitate additional parameters. Therefore, we
can consider a program where the translation vector and

the Eulerian angles are refined as a function of the fourth
coordinate. Such a program has not been written yet.

3.4. Examples of modulated and composite crystals

Since the first application of nD crystallography to
v-Na,NO; by van Aalst, den Hollander, Peterse & de
Wolff (1976), the 1D modulated crystals have been
determined extensively on the basis of the superspace
groups (Table 1). The application of the theory to 2D and
3D cases were given by Yamamoto (1982a,c, 1983a,b).
The composite crystal structure of [LaS] [CrS,] was
analyzed for the first time based on the superspace
group by Kato (1990). The examples of the modulated-
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structure analyses for 2D or 3D modulated crystals and
those of composite crystals are, however, not many in
number. They are listed in Tables 2 and 3. There are
many other composite crystals to which such a theory
has not been applied [see Table I in Yamamoto (1993b)].

4. Indexing of diffraction patterns of quasicrystals

A characteristic feature of quasicrystals is seen in the
diffraction pattern, which consists of sharp diffraction
spots with non-crystallographic symmetry. Such diffrac-
tion patterns cannot be indexed by three (reciprocal)
vectors and three Miller indices. In the hypothetical
2D quasicrystals like the octagonal Penrose, Penrose
and Stampfli tilings, we need four vectors and four
integers. According to 1D crystallography, this indicates
that these can be described as crystals in 4D space.
In this theory, the location of diffraction spots in the
external space is regarded as the projection of the lattice
points of the reciprocal lattice in nD space onto the
external space and their intensity as Fourier spectra
of a crystal in nD space. Such an interpretation is
possible because the diffraction intensity is given by the
Fourier spectra of the crystal. From the properties of
the Fourier transformation, the diffraction pattern of an
intersection of the structure is given by the projection of
the structure factor along the internal (complementary,
perpendicular) space, which is normal to the external
space. This principle was applied to the interpretation
of the diffraction patterns of incommensurate structures
and enabled us to give their nD description as mentioned
above. This i1s independent of the symmetry of the
diffraction patterns and is applicable to quasicrystals.
Therefore, if all the reflections can be assigned by
using n reciprocal unit vectors, they are regarded as the
reciprocal unit vectors in nD space.

4.1. Polygonal quasicrystals

As examples of fictitious polygonal quasicrystals,
we first consider the octagonal Penrose, Penrose and
Stampfli tilings, which are tilings in 2D space. These
have diffraction patterns with octagonal, decagonal and
dodecagonal symmetries, which can be regarded as
the projection of reciprocal lattices in 4D space. Their
diffraction patterns are shown in Figs. 2(a)—(c), which
are calculated by the 4D description of these patterns as
shown later. For these cases, four vectors d}” (: < 4) are
sufficient for indexing and each dlffractlon spot located
at h is expressed as zl_, h,d?" with Miller indices
h,hyhyh, (Figs. 9a—c). The diffraction pattern of the
Penrose tiling (Fig. 2b) can be indexed by five vectors
(arrows) d* (i < 5) written in the figure. These are
regarded as the projection of the unit vectors of a lattice
in 5D space onto the 2D external space. One of them
is expressed by the 1ntegral linear combination of the
other four because Z d?“ = 0. Therefore, there are

=1

523

lnﬁmtely many sets of Miller indices h h,h;h,hs, which
give the same position: the indices h h2h3h4h5 and
h hyhih,hs give the same position in the external space
1f hl = h, + m with an mteger m for all z This means
that the lattice points 37 A'd* and 3)_, h.d’ may
be different in SD space but they are projected onto
the same position. These structure factors have to be
summed in order to obtain the intensity of the Penrose
tiling. Similarly, dodecagonal patterns can be indexed
with six unit vectors (arrows) shown in Fig. 2(c) but only
four of them d° (2 = 1,2,3,4) are independent. Two
of them are expressed by integral linear combinations of
the other two (d3¢ = d3*—d}", df¢ = d}“—d;"). Thus,
without loss of generallty, the four mdependenl vectors
dr¢ (¢ = 1,2,3,4) can be regarded as the projection of
the unit vectors d; in a 4D reciprocal lattice.

Since the diffraction pattern shows the noncrystallo-
graphic point symmetry in the present case, we can con-
struct a4 x 4 representation of the noncrystallographic
point group based on the unit vectors d’. The octagonal
group Dy is generated by an eightfold rotation Cy and
a mirror o (which interchanges d} and d} and d; and

(¢) (f)

Fig. 9. The projection of the unit vectors of polygonal reciprocal

lattices in 4D space. The external components of the unit vectors of

(a) octagonal, (b) decagonal and (¢) dodecagonal lattices and their
corresponding internal space components, (d), (¢) and (f).
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d3}), the representations of which are given by

01 00

0 01 0

-1 0 0 O

0 0 01

010
R)=1o 1 0 o (12)

1 0 0 O

Similarly, the representations of n-fold rotations C,
(n = 10 and 12) for decagonal and dodecagonal groups
R(D\y) and R(D,,) are

0O 1 0 0
0o 0 1 0
BCo)=19 0o o 1|° U
-1 -1 -1 -1
0100
0010
R(CJZ): 00 O 1 (14)
1010

All elements of the group can be written as C?o” (i =
0,1,...,n=1, j = 0,1) provided that C? = ¢ is the
identity operator E. The orders of Dy, D, and D, are
16, 20 and 24, respectively. The representation for the
mirror, which interchanges d} and d; and d; and d3,
is the same as in the octagonal group.

These representations are reducible. In the dihedral
group generated by the n-fold rotation and the mir-
ror, there are 2 + m [m = (n — 1)/2] irreducible
representations for n odd, two of which are 1D and
the others are 2D. This is not relevant in the present
case but we discuss this first for application to the
pentagonal quasicrystals discussed later. The first 1D
irreducible representation is the identity representation,
where R!(C,) = 1 and R|(o) = 1. The other 1D repre-
sentation is given by 2)(C ) = 1 and R}(o) = —1. (The
superscript stands for the dimension of the irreducible
representation.) The 2D representations are given by

Rf(C,,)=[:f:i _(:‘} (k=12 ...,m) (15)
Ri.(a)z[? (1]] (k=12 ...,m), (16)

where ¢, and s, are cos(27k/n) and sin(27k/n). The
representations for the other operations are obtained by
the multiplication of these.

CRYSTALLOGRAPHY OF QUASIPERIODIC CRYSTALS

On the other hand, when n is even, there are four 1D
representations, which are (R,(C, ), Ry(0)) = (1,1),
(1,-1), (-1,1) and (~1,-1) for £ = 1, 2, 3 and
4. The 2D representations are given by (15) and (16)
with m = (n — 2)/2. From the characters of the
4 x 4 representations and the characters of Dg, D,, and
D,, in Tables 4-6, they are reduced to two frreducible
representations R? and R? for n = 8 and n = 10 and
R} and RZ for n = 12. If we use the orthogonal basis
in the 2D external space, we have Rf for all cases.
From the projection-operator method or inspection, we
can obtain the transformation matrix between the basis
vectors of each irreducible representation and the unit
vectors d?. The latter is based on the fact that the basis
vectors of the different irreducible representations are
orthogonal to each other. The unit vectors d; g =1,
2, 3, 4) in the octagonal, decagonal and dodecagonal
lattices are expressed in terms of the basis vectors of the
corresponding irreducible representations a; (i < 4) as
follows, where a, - a; = 51;’ owing to the orthogonality.

d; = (a*/z)[c(j—l)al + s(j—l)a2]
+(a™/2)[ey ;- yas + 83(j—1)34]

(octagonal) a7
d; = (a‘/5l/2)[c(j—1)al +5G-n2
+ (a*’/Sl/z)[Cz(j_l)as + 855 1ya,]
(decagonal) (18)
d} = (a‘/zl/z)[c(j—l)al +53-1)3)]
+ (a*//zl/Z)[cj(j_l)a3 + ssu_,)a4]
(dodecagonal). (19)

Here, a* and a*’ are the lattice constants of the 4D
reciprocal lattice in the external and internal spaces.
Since the scaling in the internal space is physically
meaningless, a*’ is often taken to be equal to o* (Fig.
9). It is easily checked that the a; are the basis vectors
of the irreducible representation mentioned above, since
M~'RM becomes a 2 + 2 block-diagonal matrix for
any element of the group, where the matrix elements of
M are defined by d} = Z‘;:l M, a,. Several different
definitions of the lattice constant o™ are possible but the
factors 1/2, 1/5'/2 and 1/2'/? introduced in (17)~(19)
are chosen so that the lattice constant o* corresponds to
that of the nD (n = 4, 5, 6) hypercubic lattice when
a* — a:l'

The selection of the unit vectors d is not unique as in
normal crystals. In order to avoid this, the reduced cell is
used for the normal crystals. (Consider the monoclinic
lattice for example.) This is, however, not applicable
to quasicrystals because the scale in the internal space
is physically meaningless, as mentioned above. As a
result, there is no criterion that selects a particular set
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Table 4. Characters of irreducible representations of Table 5. Characters of irreducible representations of

the octagonal group Dy

a=Cy4 3= a. \ is the character of the representations with respect
to the basis vectors of the 4D octagonal lattice.

3

g 2a 207 2a o' 43 a3
D | 1 1 | I T
Ry 1 1 1 1 1 -1 -1
Ry 1 —1 1 -1 11 =1
R 1 1 -1 1 -1 1
R 2 2V g AT T
RS2 0 -2 o 2 0 0
Ry 2 =27 o0 2 2 0 o0
v 4 0 0 0 -4 0 0

of unit vectors among infinite sets of unit vectors span-
ning the same reciprocal lattice. These sets of vectors
are related by the similarity transformation. Other unit
vectors d}’ related by the similarity transformation are
given by d*’ = Z _,(S)’"d* with an integer  and
the 31m11ar1ty transfl rmation matrices

1 1 0 —1]
1 1 1 0
S = 0 1 1 1 (octagonal) (20)
-1 0 1 1
01 0 —1]
S = _(1) } i _(l) (decagonal) 2D
-1 0 1 0
1 0 0 -1
|t 1o o
S = 0 1 1 1 (dodecagonal), (22)
0 0 1 1

where the tilde means transposition. The new represen-
tations of the point group based on unit vectors d
are given by SmRS-™. The set of similarity transfor-
mations S™ (—oco < m < 00) constructs a group
that leaves the matrix group generated by R(C,) and
R(c) invariant. This set is called a normalizer. If it
leaves each element in the matrix group invariant, it
is called a centralizer. The matrix S and -its inverse
matrix are generators of the centralizer and normalizer
for the octagonal and decagonal cases and those of the
normalizer for the dodecagonal one. The generators of
the centralizer for the dodecagonal group are given by S?
and its inverse matrix (Janssen, 1992). The normalizer
and the centralizer are related to the self-similarity of
quasiperiodic tilings and equivalence relations of space
groups as shown later.

The new unit vectors d}’ have an external space
component smaller by a factor 7~™ and an internal

the decagonal group D)y

T =({l+ 51/2)/2. a = Cy, 3 = o'\ is the character of the
representations with respect to the basis vectors of the 4D decagonal
lattice

B 20 20 208 20t a® 53 sas
Rl 1 | 1 i A DS B
Ry 1 1 I 1 A [N R
Ry 1 -1 - S [ R
R, 1 -1 - I S R
Rlz 2 T L 0
R2 ' -+ —r " 2 0 0
1?_3 2 - 1 T PR 4] 0
Ri 2 —r b -7 2 4] 0
v 4 - 1 -1 —4 0 0
Table 6. Characters of irreducible representations of
the dodecagonal group D,
o =0, 3= a. \ is the cbaracter of the representations with
respect to the basis vectors of the 4D dodecagonal lattice.
: 20 2:)2 2“3 Zn4 Zns a® 61 603
R 1 I 1 1 i I T
Ry 1 1 1 1 I -1 -1
Ry 1 -l 1 -1 1 -l I -
Ry, 1 -1 -1 -l ([ B
R 2 3 1 o0 -1 -3 2 0 0
"2 -1 =2 - ! 2 0 0
Ry 2 0 =2 0 2 0 =2 0 0
R 2 -1 -1 2 -1 -1 20 0
R: 2 =32 1 o0 1 37 2 0 o
\ 4 0 2 0o =2 0 —4 0 0

component larger by 7", where the similarity ratio 7
is 14+2Y2, (145'72)/2 or (1+3'/2)/2"/* for the
octagonal, decagonal or dodecagonal lattice. The simi-
larity transformation depends on lattice types (Bravais
lattices) for 6D icosahedral lattices as shown below. It is,
however, known that only the primitive lattice is present
in the 4D octagonal, decagonal and dodecagonal lattices
(Brown, Biilow, Neubiiser, Wondratschek & Zassenhaus,
1978). For real polygonal quasicrystals in the 3D exter-
nal space, we have to consider 5D lattices. It is known
that the body-centered lattice exists in 5D octagonal
lattices (Janssen, 1986; Rabson, Mermin, Rokhsar &
Wright, 1991). The external and internal components
of unit vectors in direct lattices can be expressed in a
similar form for the octagonal case but have different
forms for the others (see Fig. 10 and §5.2).

4.2. Icosahedral quasicrystals

The first quasicrystal found in the Al-Mn system
showed icosahedral symmetry, which needs six unit
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Table 7. Characters of irreducible representations of
the icosahedral group Y

T =(1+ 5”2)/2, a = Cs, 4 = Cy. \ is the character of the
representations with respect to the basis vectors of the 6D icosahedral
lattice.

s 120 1207 203 1504
R} 1 1 1 1 !
I?? 3 -7 T (S|
R} 3 ¢+ ' 0
R 4 -1 -l I 0
m s o 0 -l 1
v 6 1 1 0 -2

This representation is reducible as is clear from the
character in Table 7 and reduced to two 3D repre-
sentations, R} and R;, the basis vectors of which are
(a,,a,,a;) and (a,, as,a,). The lattice spanned by d}
given above is called the primitive icosahedral lattice.
This has the similarity transformation matrix S% with

. 11
11 11
11 1 -1

111 - (26)

1o 11
1 -1 1o

(ST
—

The similarity ratio of SisT=(1+5' /2)/2, so that the
similarity ratio of the primitive lattice is 7% = 2 + 5'/2.
There are two lattices with the similarity transformation
matrix S. These are called the face-centered and body-
centered icosahedral lattices. The former is seen in
several icosahedral quasicrystals (Henley, 1988; Ishi-
masa, Fukano & Tsuchimori, 1988; Ebalard & Spaepen,
1989). Their reciprocal-lattice points are given by the
vectors h = 3°°_ h,d* with h, all even or all odd
for the former and ) _, h, even for the latter. The
matrix S and its inverse matrix are the generators of
the normalizer of the icosahedral point group for the
face-centered and body-centered lattices and S* and its
inverse are those for the primitive lattice (Elser, 1985;
Levitov & Rhyner, 1988).

The projection of all lattice points of 4D polygonal
lattices or 6D icosahedral lattices covers densely the 2D
or 3D external space. Therefore, there is always another
lattice point in the close vicinity of any reflection. How-
ever, the diffraction patterns of quasicrystals consist of
discrete diffraction spots. This is because the diffraction
intensities strongly depend on the internal components
of their diffraction vectors (Elser, 1985) and a reflec-
tion having a diffraction vector with a large internal
component cannot be observed in practice. This will be
shown later. Thus, we can index all the reflections of
polygonal or icosahedral quasicrystals by using four or
six vectors. In real polygonal quasicrystals, there exists
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a period perpendicular to the 2D plane in the external
space considered above. Then the diffraction pattern in
the 3D external space consists of several equidistant
diffraction planes like those in Fig. 2 stacked repeatedly
along the normal to the plane with the distance ¢* = 1/c,
where ¢ is the period (Fig. 25). Thus, we need five
vectors d? (¢ = 1, 2, 3, 4) and dj = c"a,, where a; is
the unit vector in the external space that is perpendicular
to a, and a,. This means that the polygonal quasicrystals
discussed above are described as crystals in 5D space.

5. Polygonal tiling

The tiling was considered to be a key to understanding
quasicrystal structures since the 3D Penrose tiling was
shown to give a diffraction pattern similar to that of
i-Al-Mn (Duneau & Katz, 1985). However, the point
density of the 3D Penrose tiling that gives such a
diffraction pattern is much smaller than that of i-Al-Mn
(about 1/4). Therefore, several simple decorations of the
3D Penrose tiling were considered (Ishihara & Shingu,
1986). Such an approach was partially successful for
i-Al-Cu-Li but for most cases the simple decorations do
not explain the diffraction intensities. On the other hand,
the high-resolution transmission-electron-microscope
(HRTEM) images of decagonal quasicrystals clarified
that the tiling gives the location of atom clusters (Hiraga,
Lincoln & Sun, 1991; Hiraga, Sun, Lincoln & Matsuo,
1993). This seems to be true for all quasicrystals. Thus,
the tilings are still important to determine quasicrystal
structures and may play the role of the average structure
for modulated structures, which is first determined in
the structure analysis.

There are four methods to obtain a quasiperiodic
tiling as mentioned previously. We treat three of them
(DM, PM and SM) because these are shown to be
equivalent for tiling problems. Another one (IDM) relies
on the matching rules but there are many tilings without
simple matching rules and this method cannot calculate
the diffraction pattern, which is essential for structure
determination by diffraction methods. The matching
rules may however be important for the crystal growth of
quasicrystals (Onoda, Steinhardt, DiVincenzo & Socolar,
1988) and several tilings derived from the former meth-
ods have simple matching rules. Some tilings given
by the IDM have not been derived by other methods
(Watanabe, Ito & Soma, 1987). The quasiperiodic tiling
is space filling with primitive tiles. In contrast to periodic
structures, it needs two or more tiles in order to obtain
non-crystallographic symmetry.

5.1. The dual method

The dual method is applicable to polygonal tilings
discussed in the previous section and more general
polygonal tilings or icosahedral tilings. In this section,
simple derivations of the octagonal Penrose, Penrose and
Stampfli tilings in 2D space are described. For 2D tilings,
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the use of complex numbers gives an elegant description
because a 2D vector can be expressed by a complex
number (de Bruijn, 1981; Beenker, 1982) but this is
not employed here since its extension to the 3D tiling
is impossible. The following derivations of tilings are
essentially the same as those given by Beenker (1982),
de Bruijn (1981) and Korepin, Gihler & Rhyner (1988).
(a) Octagonal Penrose tiling. This tiling with edge
length a can be derived from the periodic 4-grid, which
is given by
el -x=n+7v (1<4) 27
with an integer n; and the unit vectors in the external
space
el,, = a"[cos(27mi/8)a, + sin(27i/8)a,), (28)
where a; (2 = 1, 2) are the unit vectors of 2D external
space and v, represents the phase shift of the parallel
lines shown below. The vectors x fulfilling (27) construct
the 4-grid, which is a set of parallel lines (grid lines)
normal to the four directions specified by e} (: < 4)
(see Fig. 13a). It is noted that from (17) e} (z < 4) are
given by 2d}“. Let y be a vector in an area enclosed by
several lines. This is a triangle or a convex polygon in
the present case. Let the point y be between the n th
and (n, + 1)th line along the ith direction e]. Then
we can assign four integers, n, = |el -y — 7,], to
the area where [x] is the largest integer less than or
equal to z. Plot a point at r, = Z?:l n,e,, where e,
are the external components of the unit vectors of the
4D octagonal lattice df for any i [see (30)]. Join a
line with the length @ = 1/a*. These procedures give
the octagonal Penrose tiling with the edge length o
(Fig. 13b). The transformation that transforms an area
enclosed by grid lines into a point given above is called
the dual transformation. This is also a transformation that
transforms a point into an area. The same tiling can be
obtained based on this principle. Consider the crosspoint
y’ with the n th and n th grid lines along the #th and
Jjth directions and let the cross point be between the n,
and n, + 1 grid line (k # 7, k& # j) for other directions.
Then we assign four integers, n; = |e] -y’ — v,] to
the point and plot a rhombus with the corners at r,
)+ e, ry+e; ry+ e + e, These two algorithms
work well when the grid has no singular grid points
where more than two grid lines cross but the second
one seems to be easier for programming. If the grid
includes singular points, however, the latter algorithm
does not work. For the singular point, we have to place
a polygon, the shape of which depends on the singularity.
In the present case, there are singular grid points along
four directions parallel to e, (: < 4) when v; = 0.
We can shift the singular points to another place with
non-zero ;. The octagonal Penrose tiling has a self-
similarity with the similarity ratio of 1 4+ 2'/2 as shown
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by dotted lines in Fig. 13(b). It should be noted that this
is equal to that of the octagonal lattice. The parallel lines
given in Fig. 13(a) can be regarded as the intersection
of 3D hyperplanes normal to four unit vectors of the 4D
octagonal lattice or regarded as the unit-cell boundary at
each lattice point of 4D space.

(b) Penrose tiling. The extension of the above theory
to Penrose tiling is straightforward. [Historically, this
was first obtained by de Bruijn (1981).] This uses the
5-grid instead of the 4-grid (Fig. 14a), which is given
by

e -x=mn,+v ((<5), (29)
where ef (1 < 1 <4) are given by 5d7“/2 of (18) and
e = — Z?:l e;. The dual transformation leads to the
tiling consisting of the rhombi, the edge vectors of which
are a pair of df (z < 5) in (31). Their edge length is
2a/5'/2, In this case, a different tiling with pentagonal
symmetry is obtained for a different v = Z‘::l 7; within
0 < ¥ < 1/2 and decagonal tilings are obtained when
v = 0 or 0.5. The other values of v lead to tilings
locally isomorphic to some tilings with v within this
range. The local isomorphism is defined as follows.
If any area of one tiling is completely overlapped by
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Fig. 13. (a) The 4-grid and (b) its dual pattern. The pattern plotted in
dashed lines shows a self-similar pattern.
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shifting and/or rotating on the other, these two are
locally isomorphic. These tilings are called Penrose (v =
0) and generalized Penrose tilings (v # 0), two of which
are shown in Figs. 14(b) and (d). When v, = 0 (z < 5),
the singular grid points appear at the origin (Fig. 14a)
and along five directions perpendicular to e}. These
points can be shifted by choosing nonzero -y, with
> i—17:; = 0. The similarity ratio of these tilings are
(1+5'72)/2 and its square as denoted by dotted lines
in Figs. 14(b) and (d). They correspond to the similarity
ratios of the 4D and SD decagonal lattices. Note that
the decoration of large tiles are the same for all cases
and independent of the local environment in Fig. 14(b),
while it depends on the local environment in Fig. 14(d).

The derivation of the tiling is related with the 5D
decagonal lattice. The parallel lines given by (29) can be
regarded as the intersection of 4D hyperplanes normal to
five unit vectors of the SD decagonal lattice with the 2D
external space similarly to the octagonal Penrose tiling.

(¢) Stampfii tiling. This is obtained from a modified
DM (Korepin, Gihler & Rhyner, 1988). In this case,
the grid is not a set of parallel lines but the double
honeycomb net (Fig. 15a), in which a hexagon is located
at the lattice points of double hexagonal lattice, one of
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which is rotated by 30° from the other. One hexagonal
(reciprocal) lattice is spanned by e} (2 = I, 3) and the
other by e? (i = 2, 4), where e} are given by 3'/2d}*
of (19). This is an extension of the DM mentioned
above. Another extension of the DM has been made by
Socolar, Steinhardt & Levine (1985) as shown below.
We call this the generalized dual method according to
Socolar et al., though the former is called the generalized
grid projection method by Korepin, Gihler & Rhyner
(1988). In this method, each area enclosed by lines
of two honeycomb nets is also a convex polygon.
When such an area belongs to the hexagons centered
at n,e, + n,e, and n,e, + n,e,, we plot a point
at r=3.,_, n,e,, where e, = d{. The vectors d¢ are
the unit vectors of the 4D dodecagonal lattice in the
direct space which is given in (34). The Stampfli tiling
is obtained by joining points with a distance 2a/6'/?
(Fig. 15b). The double honeycomb net appearing in the
present case is not related to the unit-cell boundaries
in 4D space but the union of boundaries of Voronoi
cells of two hexagonal lattices orthogonal to each other
(Korepin et al., 1988). As a result, the tiling consists of a
rhombus, a square and a triangle, in contrast to the tilings
given above. Such an extension has also been made for
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Fig. 14. (a) The 5-grid with 5 = 0 and (&) its dual patiern. The corresponding patterns in the case of 5 = 0.1 are shown in (¢) and (d).
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the icosahedral tiling, where boundaries of the Voronoi
and the Delaunay cells of the face-centered icosahedral
lattice in 6D space are taken (see §6).

5.2. The projection and section methods

The equivalence of the DM and PM was first shown
by de Bruijn (1981) for the Penrose tiling and given
for general quasiperiodic tilings consisting of rhombi
by Gihler & Rhyner (1986). Several important tilings
obtained from the generalized dual method (GDM) are
also given by the SM or the PM. However, the general
proof of equivalence is not known in this case. The
difference between the PM and the SM is mainly in the
concept. The former gives a point in the external space
by the projection of an nD lattice point when the unit
cell belonging to that lattice point intersects the external
space. On the other hand, the latter uses the occupation
domain at each lattice point extended along the internal
space which is the projection of the unit cell (Bak, 1986;
Janssen, 1986). Then the same point is obtained as an
intersection of the occupation domain with the external
space. This method provides a systematic treatment of
all quasiperiodic structures including quasicrystals, mod-
ulated crystals and composite crystals because the latter
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Fig. 15. (a) The double honeycomb net and () its dual pattern
(Stampfii tiling).
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two are usually treated as an intersection of an nD crystal
with the 3D external space as mentioned in §4. Another
difference is rather terminological. The PM is used for
the tiling, which is often derived from a lattice in a
dimension higher than the necessary dimension, while
the SM is used for general quasiperiodic structures which
are obtained from any kind of occupation domains but
in space with the minimal dimension. Therefore, these
two methods are almost equivalent for tiling problems.
In the calculations of diffraction patterns or the point
density, the latter has to be used.

One of the merits of the SM is that it gives an
elegant way of giving diffraction patterns (Duneau &
Katz, 1985; Katz & Duneau, 1986). In the PM, we
need only a projection of the unit cell of an nD lattice
onto the (n — 2)D internal space for polygonal tilings
and the (n — 3)D internal space for icosahedral tilings.
This is called a window. In the SM, the intersection of
the projected unit cell with the minimal internal space
has to be known. This is called an occupation domain
(acceptance domain, atom surface). The window and
the occupation domain are the same for the octagonal
Penrose tiling but different for the Penrose tiling. The
former is derived from 4D crystals as shown below and
its internal space is 2D, which is equal to the minimal
dimension given in the previous section. On the other
hand, the Penrose tiling is obtained from SD space (5D
description) by the PM. Then the internal space is 3D
but the minimal dimension is 2, which corresponds to
a 4D description of the same structure (Janssen, 1986;
Ishihara & Yamamoto, 1988).

The unit vectors of the n-gonal (n = 8, 10, 12) lattices
are expressed in terms of their external and internal
space components. In the following, ¢, and s, represent
cos(2mj/n) and sin(2mj/n).

(a) Octagonal Penrose tiling. This is obtained from
the 4D octagonal lattice, the unit vectors of which are
reciprocal to (17) and given by

d;,, = a[c;a +s,a)]+a'[cy;ay+85,8,] (0<5<3).
(30)

In the PM, a lattice point n = 35_, n.d, is plotted
when the unit cell at n intersects the external space.
Consider the 2D external space passing through the
point g = 3_;_, 7,d,. Then, the internal component of
n — g, which is 3>;_, (n, —v,)d}, is in the polytope
(polygon) that is the projection of the unit cell at n
onto the internal space. Thus, we have to know the
projection of the unit cell of the 4D octagonal lattice onto
the 2D internal space. This can be done by projecting
each comner of the unit cell onto the internal space
and joining the outermost points. This is the regular
octagon shown in Fig. 16(a). Thus, the window or the
occupation domain of this case is the regular octagon.
It is convenient to consider the body center of the unit
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the occupation domain intersects the external space.
Then, we plot its external component. In this case, the
effect of v mentioned above is reflected in the shape of
the occupation domains.

(¢) Stampfli tiling. This is obtained from the 4D
dodecagonal lattice with the unit vectors

d,,, = (2a/6')[c;;_ya, + 5 pya,] + (24'/6'/?)
X [es(;_ 1)@y + $5¢;- 1yl (7=0,1)
d; = (20/61/2)[C(j+1)al + sG] + (20'/6'/%)

J
(4=23).
(34)

X [es;41)@3 F S50y

As stated above, the occupation domain or window of
this tiling does not come from the unit cell but from
the union of the projection of Voronoi cells of the two
hexagonal lattices. This is the dodecagonal star which
is the union of two hexagons rotated by 30° around the

@.@@@
@.@@f

(c)
Fig. 18. The occupation domains of Penrose patterns. The rhombic and
pentagonal Penrose patterns are obtained from occupation domains

in (a) and (c), while the generalized Penrose pattern with 4 = 0.1
is given by (b). The domains A-E are located at (4, ¢,4,4)/5 (i =
1,2,..., 5) of the 4D decagonal lattice.

9

Fig. 19. The occupation domain of the Stampfli pattern. This is a
union of two hexagons.
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common center (see Fig. 19). In this case, the space
used is minimal, so that the difference between the PM
and the SM is not essential. The methods used for the
octagonal Penrose tiling are applicable.

(d) Other polygonal tilings. The pentagonal Penrose
tiling is obtained from one decagonal occupation domain
at the origin (Niizeki, 1991). The occupation domain is a
decagon which is the projection of the Voronoi cell of the
4D decagonal lattice (Fig. 18¢). Another decagonal tiling
(binary tiling) is obtained from three occupation domains
at +(1,1,1,1)/5 and (0,0, 0, 0), where the pentagonal
rhombic stars and a decagon are situated (Zobetz, 1992)
(see Fig. 20). The dodecagonal Penrose tiling consists
of three rhombi with equal edge length or a skinny
rhombus, a triangle and a square (Ishihara, Nishitani &
Shingu, 1987). This is obtained from the 6D dodecago-
nal lattice or from a direct extension of the 5D case
given above (Socolar, 1989). Its occupation domains
in 4D representations consist of four triangles and four
squashed hexagons with threefold symmetry. They are at
the special positions (0, 1,0,2)/3 and (1, 1, 2,2)/3 with
the site symmetry 3m and other equivalent positions.

O L

(c)

Fig. 20. The occupation domains of the binary tiling. The domains
in (a), (b) and (c) are located at —(l, 1,1, ])/5, (0,0,0,0) and
(1, 1,1, 1)/5 in the 4D decagonal lattice.

VAV
(D> A L

Fig. 21. The occupation domains of the dodecagonal Penrose pattern.
The domains A and E are independent. The others are related to
these by symmetry operations.
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Four triangles or hexagons are related to the fourfold
rotation (Fig. 21). Another extension to generalized
2D polygonal tilings has been made by Whittaker &
Whittaker (1988) using the PM. They are tilings with
n-fold (n > 7) symmetry and obtained from nD n-gonal
lattices. Because of the equivalence of the PM and the
DM, this is also obtained from the corresponding n-grid
by the DM. In order to obtain such tilings, the DM seems
to be easier than the SM. The occupation domains of
typical tilings are given in Tables 13 and 14.

6. Icosahedral tiling

The 3D quasiperiodic tilings can be obtained by a
method similar to that described above. This uses a
grid that consists of equidistant 2D planes normal to
several directions. In order to obtain the tiling with
icosahedral symmetry (icosahedral tiling), we use six
vectors e} (¢ < 6) that point to six corners of the regular
icosahedron (Figs. 11a and 12).

6.1. The dual method

The derivation of two typical icosahedral tilings by
the DM is discussed in the following.
(a) Three-dimensional Penrose tiling. This is derived
from the 3D 6-grid
ej-x=n+v (i<6) (35)
by a similar method. The vectors e} are 3D and are
given by 2d}¢ of (23). In this case, the grid is a set
of equidistant 2D planes normal to e} (z < 6). There
are 3D areas (polyhedra) enclosed by planes. Let the
vector y be in the polyhedron that is between n;th and
n;,,th planes for the ith direction. Then we assign
six integers n; = |e¥ -y — ;] ( < 6) to the area. We
plot a point at r, = E?:, n;e, and join points with
the distance a = l|e;|, where e, = df, which are the
external part of the unit vectors of the 6D icosahedral
lattice [see (37)]. In the second algorithm, we assign
n, = |ef -y’ —+,] (i <6)tothe cross points y’ of three
grid planes normal to e}, e, e; (i #j # k) and draw
a rhombohedron spanned by e;, e; and e, at r;. This
tiling consists of rhombohedra spanned by e;, e, e,
(¢t # j # k), which are classified into two shapes shown
in Figs. 23(a) and (b). It is known that more than three
grid planes intersect at a point. Such a point is called a
singular (grid) point. If we choose v, = 0 for all ¢, the
grid includes singular points at the origin and along a
fivefold axis, where six and five planes intersect. Since
they appear only on these lines, we can shift these points
to other places by selecting nonzero v,. Any 7, leads to
tilings locally isomorphic to each other. The projections
of the tilings along the fivefold and twofold axes are
shown in Fig. 22. Note that Fig. 22(a) is the pentagonal
Penrose tiling. As shown by Kramer & Neri (1984), this
is a special case among tilings obtained from the 12-grid
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or double 6-grid. It is known that this has the similarity
ratio of 2 + 5!'/2 (Ogawa, 1985), which is equal to that
of the 6D primitive icosahedral lattice.

(b) Socolar tiling. Another important 3D icosahedral
tiling has been derived by the GDM (Socolar, Steinhardt
& Levine, 1985), where a quasiperiodic grid is used
instead of the periodic grid described above. This was
shown to have the similarity ratio of 7 = (1 +5'/2)/2,
which suggests that the tiling is related to the face-
centered or body-centered icosahedral lattice. It was
shown recently that this is the face-centered icosahedral
lattice (Danzer, 1989; Danzer & Talis, 1993; Kramer,
Papadopolos, Schlottmann & Zeidler, 1994). The gener-
alized icosahedral tilings are obtained by

el x=n+a+7 ' n7 +8] (i<6) (36)
and the dual transformation given in (a). When o =
=1, B = —1/2, the tiling has a similarity ratio of 7 and

()

Fig. 22. The projections of the 3D Penrose pattern along (a) tivetold
and (b) twofold axes. The former is the pentagonal Penrose pattern.
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(b) Socolar tiling. This tiling consists of four primitive
polyhedra as mentioned in §6.1. The Socolar tiling
can be divided into acute and obtuse rhombohedra,
since the primitive polyhedra can be divided into them.
However, any division cannot have the symmetry of
the primitive polyhedra. In order to divide them into
several pieces holding such a symmetry, we have to
use octahedra (or tetrahedra) instead of rhombohedra.
The 3D tiling (Danzer tiling) with icosahedral symmetry
was proposed by Danzer (1989), which consists of four
octahedra (or tetrahedra). It was shown recently that
part of the Danzer tiling gives the Socolar tiling (Roth,
1993; Danzer & Talis, 1993). Its occupation domains are
given by Kramer, Papadopolos, Schlottmann & Zeidler,
1994). The tiling has the face- centered icosahedral lat-
tice, which is spanned by d/ = Z,-AI S,,d; with

S =

0
0
2
1 (38)
1
1

N = )
—_———o Mo
—_———o oo
—_———o 0o
—_——o oo

The determinant of S is 32. The lattice is equiva-
lent to a sublattice of the primitive icosahedral lattice
consisting of lattice points with even (or odd) parity.
In the following, the vector is represented with re-
spect to d,. There are two occupation domains placed
at (1,1,1,1,1,1)/2 and (3,1,1,1,1,1)/2. These are
neither the projection of the unit cell nor that of the
Voronoi cell but are related to the Delaunay cell (Kramer,
Papadopolos, Schlottmann & Zeidler, 1994). The first
one is a regular dodecahedron with a comner vector
(-1,1,-1,-1,1,1)/2 and 19 other corners obtained
from it by the symmetry operation of the icosahedral
group. The second one is obtained from the regular
icosahedron with a corner vector (1,1,1,1,1,1)/2 and
another 11 corners equivalent to it by subtracting a
tetrahedron sharing a triangle (Fig. 24). A radius on the
threefold axis is —(1,1,1,1, =1, 1)/2 (Table 14).

(c) Generalized icosahedral tilings. As seen in §5,
there is an infinite number of generalized tilings obtained
from nD (n = 8, 10, 12) spaces. The corresponding
tilings with icosahedral symmetry are also possible.
These consist of two rhombohedra as in the 3D Penrose
tiling. In contrast to it, however, there exist two tiles
of the same shape having face-to-face contact with each
other. They are obtained from 12D space by the DM or
the SM (Yamamoto, 1995).

7. Symmetry of quasicrystals

According to the nD crystallography introduced by de
Wolff (1974) and formulated by Janner & Janssen (1977,
1979), the symmetry reflected in diffraction patterns is
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that of the nD crystals. If the crystal has a (hyper-)
glide plane or a (hyper-) screw axis, it causes a sys-
tematic extinction of reflections. This is observed in
several decagonal quasicrystals and is related to the
non-primitive translation in a symmetry operator of
nD space, which leaves the nD crystal unchanged.
The rotational symmetry is obtained from the point
group of the diffraction pattern, while the non-primitive
translation is obtained from the extinction rules. In this
section, we discuss how this is taken into account in the
model construction for polygonal quasicrystals.

Real polygonal quasicrystals have a period parallel
to the n-fold (n = 8, 10, 12) axis. Therefore, we have
to add one dimension for this direction and consider 5D
crystals. Let the unit vectors of this 5D lattice be d; (¢ <
5), the first four of which are given by (30), (32) or (34)
and d; = ca. Their rec1procal vectors d} are given by
a7, (18) or (19) and di = c*a, (¢* = l/c) In §5, the
2D tilings were con51dered A real quasicrystal structure
may not be the repeated stacking of such tilings. The
first point to be considered is the systematic absence of
reflections if any. Such an absence of reflections in a
plane including the n-fold axis was first observed in
the electron diffraction patterns of decagonal Al-Mn
and Al-Fe (d-Al-Mn, d-Al-Fe) (Fung, Yang, Zhou,
Zhan & Shen, 1986; Yamamoto & Ishihara, 1988). We
consider the diffraction patterns of d-Al-Pd-Mn in Fig.
25. (d-Al-Mn also shows similar patterns.) It is seen
in Fig. 25(b) that reflections with /5 odd are absent.
The reflection condition can be written as iy = 2n
for hy, hy, hy, hy, hs. This means that there exists a
(hyper-) glide plane {o’|t}, the rotation matrix of which
is given by

0O 0 0 -1 0
0 0 -1 0 0
ReY=| 0 -1 0 0 0| (decagonal)
-1 0 0 00
0 0 0 0 1
(39)
and the non-primitive translation t(0’) = d/2 = cag/2.

This suggests that there exist two groups of occupation
domains that are related by the glide plane. Note that
the coordinates are transformed by the rotation with
the same matrix R(c’). Therefore, if an occupation
domain is at (x|, x,, T3, 24, £5), another one must be at
(—x,, — &y, — &y, —i&,, s+ 1/2). The latter occupation
domain is obtained from the former by ¢’. In order to
consider this transformation, the action of the rotation
operator in the internal space has to be known because
the occupation domain extends only in the internal space.
This is given by the reduced matrix 2, which is given
by M'~'RM’. The matrix M’ is a 5 X 5 matrix,

r_|M 0
M—-[O l}’ (40)
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where M is the 4 x 4 matrix given in §4. The reduced
matrix is @ 2 + 2 + 1 block-diagonal matrix and the sec-
ond 2 x 2 matrix transforms the occupation domain. As
shown in §§5 and 6, the occupation domains of typical
tilings are polygons, most of which are convex but is a
polygon with concave parts for the Stampﬂi tiling. Let
a comer be a;a; + 042, Thcn this is transformed into
aja,; + aja,, where o) = Zk J(M~'RM). e G =
3,4). The second 2 x 2 part of M "' R(c’)M is given by

R

which transforms a, into —a, and q, into itself. Note that
¢’ transforms the occupation domain A of the Penrose
tiling into D and B into C in Fig. 18(a). Thus, in
order to obtain the extinction rule mentioned above,
if A (B)is at (z,,2,, %, %, 25), D (C) must be at
(=4, =25, —&y, —&,, £5+1/2) (Yamamoto & Ishihara,
1988).

As a group including the glide plane, we consider
the SD space group P105/mmec, which is generated by
a tenfold screw axis, the glide plane and the inversion.
The rotation matrix of the tenfold rotation is given by

(41)

0 00 -1 0
1 11 10
R(C,)=|-1 00 0 0 (42)
0 -1 0 00
0 00 01

The matrix representauon of the inversion is R({ ),

—46. i (z < 5) and that of ¢’ is in (39). The non- pnmmve
translation of C\, is t(C,,) = ds/2. The space group
P10;/mmc is generated by {let( ) o'lt(a)},
{I|0} and lattice translation {£|d;} (z = 1,2,3.4). In
particular, the tenfold screw axis and the inversion cause
the mirror plane perpendicular to ag at z = 1/4.

In many cases, the occupation domains are located
at the special position of the space group. They are
invariant under the site-symmetry group, which is a
subgroup of the point group. The site symmetry restricts
the shape of the occupation domain, since the shape has
to be invariant under the site-symmetry group. Consider
the A, B, C, D domains of the Penrose tiling in Fig.
18(a), which are located at (3,1,%,%,52)/5 (i < 4), the
site symmetries of which are D. The site-symmetry
groups are generated by {C, !1d4} (1 £ i £ 5) and
{o|0}, where the rotation matrix of ¢ is

00 010
0 01 00
R(e)=10 1 0 0 O (decagonal). (43)
1 0 0 0O
0 00 0 1

The point group can be divided into cosets by using
the site-symmetry group and the coset representa-
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. e e
I [ ] * o
(b)

Fig. 25. The diffraction patterns of decagonal Al-Pd-Mn. (a) The zero
layer normal to the tenfold axis. The planes (b) between the axes
and (¢) along the axes are denoted by dotted and solid lines in Fig.
26(h). The tenfold axis is vertical in (b) and (c).
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Table 8. Octagonal space groups in 5D space with
highest symmetries

There exist the primitive (denoted by P in the prefix) and body-
centered (/) lattices. The latter gives the reflection condition for general
reflections, Z?:] h, = 2n for hyhyhhyhs. The order of the point
group 8/mmm is 32.

Space group  Special reflection condition

P8/mmm No condition
P8/mbm hy = 2n for hyhyh Ohs
P8/mcc hs = 2n for h hyh 0Ohs
hg = 2n for hyh,hyh hs
P8/mnc 72 + 155 7 21,17 f’()r’h |’hz,iI|0h5
5 = 20 for hylphol s
P8/nmm Z‘_, h; = 2n for h hyh3h 0
P8/nbm hy = 20 for hyhyh Ohs
S by = 2n for hyhyhyhg0
P8/ncc hg = 2n for h hyh,0hg
h54.—_ 2n for hyhyhyh by
> i=1 h; = 2un for hyhyhsh,0
P8/nnc ha+ hg = 2n for hhyh Ohs
11542 2n for hyhyhyh by
iz hy = 2n for hyhyhshy0
P84/mmc hg = 2n for hihyhyh hy
P8,/ mbc hg = 2n for h hyhyh hs
hy = 2n for hyhyh,0hg
P84/mem hg = 2n for h hyh Ohg
P8, /mnm h, + hs = 2n for hyhyh \0hs
P8,/nmc hs = 2n for hhyhyh hg
Si_, by = 2n for hyhyhsh,0
P8, /nbc hs = 2n for h (hohy h vhs
hz = 2n for h,h,h 0h5
z —h, = 2n for b hyhyh,0
P8, /ncm "5;: 2n for hihyh Ohs
=1 hy =2n for hyhyh3hy0
P8, /nnm hy + hs = 2n for h hyh 0hs
Z.-1 h; = 2n for h hyh;h 0
18/ mmm No condition
18/ mmc hs = 2n for h hyhyh ks
18,/ ndm 2h, + he = 4n for h hoh 0k
2 2% s il Ons
iz by = 2n for by hyhsh 0
18, /ndc 2l + hg = 4n for b hyh Ohg

hg =2n for hyhyhyh hs
Z?=1 h, = 2n for hyhyh1h,0

tives give equivalent positions. In the present case,
Dy, = Ds+ C,,Ds + 0,D5 + ID,. Therefore,
{E]O} {szld /2}, {0 |d /2} and {I|0} lead to the
equivalent positions (¢,%,4%,%,52 /5, —(,14,1,4,5(1/2 —
2))/5, (4, 1,1,1,5(1/2 — 2))/5 and —(4,4, 1,4, 52)/5.

8. Space groups of quasicrystals

The space groups for polygonal and icosahedral
quasicrystals have been given (Gahler & Rhyner, 1986;
Gihler, 1990; Janssen, 1986; Rokhsar, Wright & Mer-
min, 1988; Levitov & Rhyner, 1988; Rabson, Mermin,
Rokhsar & Wright, 1991). There are 90 octagonal, 34
decagonal, 33 dodecagonal and 11 icosahedral non-
equivalent space groups. The equivalence relation is
the same as the direct extension of the equivalence
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Table 9. Decagonal space groups in 5D space with
highest symmetries

There exists only the primitive lattice in this case. The order of the
point group 10/mmm is 40.

Space group  Special refiection condition

P10/ mmm No condition

P10/ mcc hs = 2n for h hyhyh hs
hg = 20 for h,hzhzh hs

P10s/mmc  hg = 2n for i hyhoh b

P10s/mcm hg = 2n for h hyhyh hy

Table 10. Dodecagonal space groups in 5D space with
highest symmetries
Note that P12¢/mmec, which has the reflection condition hs = 2n for

hyhyhyh ks, is equivalent to P12 /mem because of the normalizer as
given in the text. The order of the point group 12/mmm is 48.

Space group  Special reflection condition

P12/ mmm No condition
P12g/mem hg = 2n for I hyh\Ohs
P12/ mcc hs = 2n for hyhyh Ohs

hs = 2n for hyhyhyh hg

relation in 3D space into nD space.* Space groups with
highest symmetries and their reflection conditions are
shown in Tables 8, 9 and 10. The primitive and body-
centered lattices are present in 5D octagonal lattices,
while only the primitive lattice exists for 5D decagonal
and dodecagonal lattices. The body -centered lattice has
an additional lattice point at 3°7_ d,/2 in a unit cell.
The 6D icosahedral lattices have three lattice types:
primitive, face-centered and body-centered lattices.
There exist 32 centering translations in the face-centered
lattice, which are (0,0,0,0,0,0), (1,1,0,0,0,0)/2,
(1,0,1,0,0,0)/2 etc., while those of the body-centered
lattice are (0,0,0,0,0,0) and (1,1,1,1,1,1)/2 with
respect to the unit vectors given in (37).

An important point related to the equivalence, which
is specific to space groups of quasicrystals, is the simi-
larity transformation discussed in §4. This gives a dif-
ferent setting of the unit vectors. The space groups
transformed to each other by the change of the unit
vectors are equivalent. International symbols of the
space groups (Hermann—Mauguin symbols) in Tables 8
to 11 consist of symbols of the lattice type (primitive,
body-centered efc.) and the generators of space groups
that give the essential extinction rules. The lattice type
can be determined easily by the extinction rules for
general reflections. In order to find a space group, we
have to know the point group first, which is given
by the rotational symmetry of diffraction patterns. The

* Note that the equivalence relation used in space groups of modulated
structures is different from it and the space groups classified by the
former are called superspace groups. It gives a finer classification than
that used in the classification of space groups of quasicrystals.
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non-primitive translations can be determined from the
extinction rules. Therefore, it is convenient to consider
the extinction rules derived from the screw axes or glide
planes corresponding to the generators in the symbol
of the space group. In the dihedral groups with the
highest symmetry, they are the n-fold axis (n = 8, 10 or
12), the mirror plane perpendicular to it and two mirror
planes including the axis and two other axes (denoted as
‘along’ and ‘between’ in Fig. 26). The rotational parts
of the latter two are denoted as ¢ and o’. Their matrix
representations in the decagonal lattice are given by (39)
and (43). That of ¢’ is common for the octagonal and
dodecagonal lattices and given by

R(¢') = (octagonal, dodecagonal)

= O OO
SO~ OO
SCOoOO—O
OO0 O~
—_ OO0 OO

(44)

while the matrix of o is different. The matrix repre-
sentations of ¢ for the octagonal and dodecagonal cases
are

0 0 1 00
010 0 0
Re)y=(1 0 0O 0 0 (octagonal)  (45)
0 0 0 -1 0
0 00 01
0 0 1 00
01 0 00
R(e)=1[1 0 O 00 (dodecagonal). (46)
010 -1 0
0 00 01

There are no tables of the symmetry operators for
quasicrystals but they can be calculated from the sym-
bol of the space group as shown below. The genera-
tors of these space groups are given by {C, [t(C, )}
(n = 8, 10, 12), {o|t(o)}, {I|0} and lattice transla-
tion {E|d;} (i < 5) for polygonal quasicrystals and
{Cs[t(Cs) b, {CL]t(Cy)}, {110} and lattice translation
{Eld,} (i < 6) for icosahedral ones. R(C,) and R(C,,)
are (4 + 1) block-diagonal matrices with (11) and (14)
for the first 4 x 4 part and 1 for the second, while
R(C;) and R(C5) for the icosahedral case are in (24)
and (25). The corresponding non-primitive translation
can be obtained from the reflection conditions (extinction
rules) in Tables 8-11. This is zero for all generators in
symmorphic space groups like P8/mmm, P10/mmm and
Pm35.

An example of the calculation of non-primitive trans-
lations is shown for the octagonal case. In order to obtain
them for non-symmorphic space groups, it should be
noted that o’ is given by Cyo and the last two letters in a
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space-group symbol represent {c|t(c)} and {o’|t(c”)}.
From {Cy[t(Cy)Holt(0)} = {CyolCet(o) + t(Cy)).
t(o’) should be Cyt(o)+t(Cy). The non-primitive trans-
lations can be divided into two parts. One is intrinsic,
which is independent of the choice of the origin, and
the other is non-intrinsic. The first part is responsible

(a)

Fig. 26. The location of glide planes of (a) octagonal, (b) decagonal and
(¢) dodecagonal lattices. The solid lines are along the unit vectors,
while the dotted lines are between the vectors. The numbers stand
for the independent vectors.
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and all faces of calaverite are shown to have small
integral Miller indices. However, the importance of the
dense lattice plane asserted by the Bravais—Friedel law
has not been confirmed. In modulated structures and
quasicrystals, some lattice planes are not periodic. In
particular, in icosahedral quasicrystals, all lattice planes
are not periodic. Therefore, the direct application of the
Bravais-Friedel law is impossible. However, the law of
rational indices can be applicable the same as in the
modulated structure. Two examples are shown in Fig.
27 (Tsai, Inoue & Masumoto, 1987, 1989). The first
found stable icosahedral quasicrystal Al-Cu-Li shows
a triacontahedral morphology, indicating that the faces
are indexable as 110000 etc., which is perpendicular to
the twofold axes (Dubost, Lang, Tanaka, Stainfort &
Audier, 1986). On the other hand, that of face-centered
icosahedral Al-Cu-Fe is dodecahedral (Fig. 27a). This
has faces with indices 100000 etc. that are perpendicular
to the fivefold axes. Decagonal Al-Ni—-Co (Fig. 27b)
has decagonal-columnar shape with ten faces that are
normal to the twofold axes. In the decagonal lattice,
there are two twofold axes along 10000 and 10010
but which index 1is related to the prism face has not
been clarified. In all cases, the crystal faces seem to
be related to strong reflections. In fact, in i-Al-Cu-Li
and i-Al-Cu-Fe, the strongest reflections are 110000 and
100000, while the strongest reflections of d-Al-Ni—Co
are 00002 and 13420. The latter is parallel to the twofold
axes 10010. Therefore, a face parallel to the tenfold axis
may be 10010.

10. Structure-factor calculations

The structure-factor calculations of quasiperiodic tilings
have been performed by several people (Duneau &
Katz, 1985; Kalugin, Kitayev & Levitov, 1985a,b; Elser,
1986; Jarié, 1986; Pavlovitch & Kléman, 1987). Analytic
expressions of general quasicrystals having polygonal or
polyhedral occupation domains are given by Yamamoto
& Ishihara (1988), Yamamoto & Hiraga (1988) and
Yamamoto (1992b).

The structure factors of quasicrystals can be calcu-
lated based on the section method. In this method, the
diffraction patterns are regarded as the projection of the
Fourier spectra in nD space onto the external space. In
quasicrystals, the correspondence between the diffraction
spots and the reciprocal-lattice points in nD space is one
to one. Therefore, the calculation of the structure factor
is reduced to the calculation of the Fourier spectra in
nD space. The structure factor is the Fourier integral of
the electron density in a unit cell of nD space. This is
reduced to the calculation of the Fourier integral of the
occupation domain in the internal space and the phase
factor related to the location of the domain. It is usually
assumed that the occupation domains of quasicrystals are
polygonal for polygonal quasicrystals and polyhedral for
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icosahedral quasicrystals, since this is the case for those
of quasiperiodic tilings. They are divided into triangles
or tetrahedra, the Fourier integrals of which are given
analytically. Thus, we obtain the analytical expression
for the structure factor. In a rough approximation, a
polygon or a polyhedron can be approximated by a circle
or a sphere. In fact, for the pentagonal Penrose tiling
or Stampfli tiling and 3D Penrose tiling, this is a good
approximation (see Figs. 18¢, 19 and 23¢). In such cases,
the structure factor can easily be calculated. In all cases,
it has the following form:

F(h)= 3% 3 f*(h*)p"exp[-B"(h°)/4]
W {RIt)

x exp[2mih - (Rr# + t)|F(R™'h), (48)
where the position, temperature factor and occupancy
of the uth independent occupation domain are repre-
sented by r#, B* and p*. F{'(h) and f*(h¢) are the
Fourier integral and atomic scattering factor of the uth
occupation domain. The sum of {R|[t}* runs over the
symmetry operators of the space group which create new
occupation domains in a unit cell from the independent
ones. If the occupation domain is a circle with a radius
r, its Fourier integral is

F§'(h) =2V J (qy)/ 49)

with V = 7% and Q@ = 27whir, where J, is the Bessel
function of first order. Similarly, the Fourier integral of
a sphere with radius r is given by

F'(h) = 3V[sin(gy) — g cos(qy)]/(g))°  (50)
with V' = 47r3/3.

For polygonal or polyhedral domains, which are de-
composed into several triangles or tetrahedra, F'(h)
is calculated by using the site symmetry from their
independent parts. Since the Fourier integral is linear,
F} is given by the summation of Fourier integrals
of triangles or tetrahedra. Provided that the occupation

domain consists of v independent triangles or tetrahedra,
it is given by

N

Fih) = % > Fi(R ),

=1

where R’ is the rotational part of the site-symmetry
operator, which runs over all site-symmetry operators.
The Fourier integral of a triangle defined by the vector
e, and e, (see Fig. 28a) is given by (Jari¢, 1986; Ishihara
& Yamamoto, 1988)

Fo(h) = V{g,[exp(ig,) — 1]

— qylexp(iq)) — 11} /q19:(q; — 43),  (52)
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where V = le, x e,|, ¢; = 27e; b (j=1,2), e are
edge vectors of a tnangle constructmg the polygon *
The Fourier integral of the tetrahedron defined by e, e,
and e, (Fig. 28b) is given by (Yamamoto, 1992b)

F, (h) = — iV[g,q:q, exp(iq,) + 439,95 exp(iq,)

+ 4,99 exp(iq3) + Q4‘I5q6]/(Q|Q2(I3Q4Q5q6)»
(53)

where ¢; = 27h'-e; (j = 1,2, 3), U4=0=0 9=
43— 4 q6 =q,—q and V = e, - [e, x e;] is the volume
of the rhombohedron with the edge vectors e, e, and
e,. Note that (49) and (52) [(50) and (53)] give the area
(volume) of the circle and the triangle (the sphere and
the tetrahedron) in the small k' limit as expected.

In the above consideration, it is assumed that the
shape of the occupation domain is known. One of the dif-
ficult problems of the structure determinations is to de-
termine its size and shape. The occupation domain with
any shape can be approximated by a deformed circle
or sphere (Elcoro, Pérez-Mato & Madariaga, 1994). The
deviation from the circle or sphere can be expressed in
terms of trigonometric functions or spherical harmonics.
The Fourier integral of such an occupation domain
cannot be given analytically and has to be calculated
numerically. In this method, however, we can refine
the size and shape of the occupation domain under the
constraint of the site symmetry. It is also possible to
refine the size and shape of polygonal and polyhedral
occupation domains by changing the length of the edge
vectors. If their independent part consists of several
triangles or tetrahedra, the directions of some edge
vectors can also be changed. Such a refinement has been
made in the analysis of decagonal quasicrystals (Steurer,
Haibach, Zhang, Kek & Liick, 1993).

A characteristic feature of the cluster model discussed
later is that there exist many occupation domains with
the same shape so that their Fourier integral is common
to many equivalent and non-equivalent sites and can
be calculated only once for each h. Furthermore, if
the domain has a full (decagonal efc. or icosahedral)
point symmetry, F;}'(R™"h) = F{’(h). The use of these
relations decreases the calculation time very much.

* [t should be noted that ¢, depends only on the internal-space compo-
nent of h because e; is a vector in the internal space. Consequently,
Fy(h) also depends only on the internal-space component of h.

e
1 e
2 e,

(a) (b)

Fig. 28. Primitive domains of (a) polygonal and (b) icosahedral
quasicrystals.
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As mentioned in §§5 and 6, typical quasiperiodic
tilings like the octagonal Penrose, Stampfli and 3D
Penrose tilings have an occupation domain at the origin.
Such an occupation domain may be approximated by a
circle or a sphere with the same area or volume. Then
their structure factors are proportional to (49) or (50). It
is noted that they decrease with increasing the internal
component of the diffraction vector, h', because of the
presence of ¢, in the denominator. On the other hand,
they agree with V in the small A’ limit. This means
that only reflections with small A’ are observable in
practice. This is the reason why the diffraction spots
are observed although the projection of the lattice points
cover everywhere the 2D or 3D external space. In a
general tiling with several occupation domains in the
unit cell, the structure factor is the summation of F§'
multiplied by a phase factor depending on the location
of the occupation domains. The decrease of each Fj'
with increasing h* will give a similar tendency in the
diffraction intensity.

11. Point density and frequency of subpatterns

The density of quasicrystals is a fundamental quantity
and has to be explained by their models. The density
calculations are based on the fact that the occupation
domain at some lattice point n intersects the external
space at a point and the set of all possible cross points
covers the occupation domain homogeneously (Elser,
1986). Therefore, the point density of such points is
proportional to the volume (or area) of the occupation
domain in the internal space. The factor is given by the
inverse of the unit-cell volume in nD (n = 4, 5, 6) space.
Let the unit vectors of the lattice be d; = Z"_l Qi;3,
@Q,; = =M ; )- Then the unit-cell volume is given by
det|Q | and the point density by p = Vl/det|Q | when
the sum of the volume (area) of the occupation domam
is V¢, It is simple to calculate the unit-cell volume of the
hypercubic lattice. In 4D octagonal and 6D icosahedral
lattices defined by (30) and (37), the hypercubic lattice
is obtained when « = a’. Then the volume is 2a*
for the former, while the occupation domain of the
octagonal Penrose tiling is the octagon with the edge
length a, the area of which is 2a? cotan(7 /8). Therefore,
the point density of the octagonal Penrose tiling is
p = cotan( 7r/8 /a?. The result is independent of the
value of a’. For the hypercubic lattice in 6D space,
the cell volume is 8a® provided that @ = a’. The
volume of the triacontahedral occupation domain for
the 3D Penrose tiling can be given by the sum of the
volume of the ten acute and ten obtuse rhombohedra
and is 8a’[sin(27/5) + sin(4w/5)L. The point density
is p = [sin(27/5) + sin(47/5)]/a’ (Elser, 1986). The
point densnty of the Penrose tiling with an edge length
of 2a/5'/2 is given by p = [sin(27/5) + sin(4/5)]/a®
(Yamamoto & Ishihara, 1988).



542

In some cases, it is important to know the clas-
sification of the local environment around a specified
point and its frequency. For example, this is necessary to
know the physical properties and to model quasicrystals.
The latter is reduced to the frequency of the set of
points (an atom cluster) appearing in the external space.
This means that the occupation domains of neighboring
atoms intersect the external space when that of the
specified atoms intersects it. This is possible only when
the occupation domains of neighboring atoms and the
specified atom have a common part when they are
projected onto the internal space (see Fig. 5¢). Let the
occupation domain of the jth atom of a cluster centered
at r; be V(r;). Then |J; V(r;) # @ is proportional
to the frequency of the atom c17 ster. For example, the
frequency of the 12-fold vertices of the 3D Penrose
tllmg, from which 12 edges go out, is obtained from

0) UIU:Z V(d‘ )l, where d; = —d, V( ) is the
rhomblc tnacontahedron w1th edge length a’ (Fig. 23¢).
The common part V(O)[Ul ) V(d1 )] is also the rhombic
triacontahedron but with the edge length of 7%a’, so
that the frequency of the 12-fold vertices is smaller than
that of all the vertices by a factor 7% (Elser, 1986).
In the octagonal Penrose tiling, there exist threefold to
eightfold vertices, which come from the area shown
in Fig. 16 (Beenker, 1982). In this case, if vertices
appear at d° and d‘fJrl (or d; and d¢ S42)s an additional
vertex appears at de + d‘H (d; + d‘ 4+2) because
]dl +d' < |d‘| (Id‘ + dl+2| < ldll) forming a
rhombus (square) together with the vertex of the cluster
center. The frequency of each vertex is proportional to
the area of its occupation domain. Such a classification
has been made for the Penrose, generalized Penrose
and 3D Penrose tilings (de Bruijn, 1981; Pavlovitch
& Kléman, 1987; Zobetz & Preisinger, 1990; Henley,
1986).

12. Description of quasicrystal structures

Quasicrystal structures have to be described by a finite
number of parameters. The essential parameters are
the position, the size and the shape of the occupation
domains, and the temperature factor. In quasicrystals,
an atom site may be occupied partially by several atoms
statistically. Then we need, in addition, occupation prob-
abilities of each site by constituent atoms. When the
occupation domain is polygonal or polyhedral, we can
specify its shape and size with the independent triangles
or tetrahedra and the site symmetry (Yamamoto, 1992b).
The shape of the occupation domain is restricted by the
site symmetry. Its symmetry should be equal to or higher
than the site symmetry. For example, the occupation
domain at the special point with full rotational symmetry
can be expressed by only a small number of independent
triangles or tetrahedra because of the high site symmetry.
The octagonal Penrose, pentagonal Penrose, Stampfli
and 3D Penrose tilings are obtained from the octagon,
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Table 13. The occupation domains of typical tilings with
one occupation domain

The shape of the occupation domain can be specified by the vectors
poinling to the comers of a triangle or tetrahedron and the site
symmetry. The vectors are represented with respect to the vectors
;. which are the mtemal comP})nent of d for the Beenker and
3D Penrose tilings, e = 2(1 /5 5/ §+ szja‘,] (J £5) for the:
pentagonal Penrose tlhng eJ = 2(1 /6 / )[CSJaJ + 551a4] () <6)
for the Stampfli tiling, where c; = cos(er/n) and s; = sm(27rj/n)
n is 10 and 12 for the pentagonal Penrose and the Stampﬂl tilings.

Tiling Symmetry Corner vector Site symmetry
Octagonal p8mm (1.L1,0.1)/2 8mm
Penrose (1.LL1,1)/2
Pentagonal  pl10mm (1,0,1,00) 10mm
Penrose (1,1,1,0,1)/2
Stampfli pl2mm (1,0,0,0,0,0) 12mm
(1.0,000,1)/3'/?
3D Penrose ~ Pm35 (L1I1,1,1)/2 m35
(LLLIID/2
(1,0,1,1,0,1)/2

decagon, dodecagonal star and triacontahedron, which
can be formed from one triangle or tetrahedron by the
site-symmetry operations (Figs. 16a, 18¢, 19 and 23c).
Thus, they are specified by two or three radial vectors
from the center of the occupation domain, which are
listed in Table 13. In order to specify the shape of
occupation domains, we can use the internal compo-
nents of the unit vectors in the minimal dimension,
It is however convenient to use the vectors e! =
(211’/5'/2 Jey,a; + 52 a,] (j < 5) for the decagonal
and e = (2(1//6' )fcs(]_,)a3 + 55(1_1)3-4] (J < 6)
for the dodecagonal tilings (Figs. 10e and f). They are
related to the internal-space components of 5D and 6D
representations of the tilings. These are also related to
the internal components of the unit vectors in 4D space
by

di e
' 1 000 —1][e
dz =01 00 —1pp. (decagonal)
d; 00 1 0 —1}|%
d 000 1 —I :?
S
(54)
o
dj €
! 1000 -1 o0]f°
] o1 oo —1] |
d|10 010 1 o0fe
d 0001 0 1]l
Lea-i

(dodecagonal). (55)
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Table 14. The occupation domains of typical tilings with several occupation domains

These have two independent occupation domains located at the special positions. The corner vectors of their independent part are shown. The
notation for the corner vector is the same as in Table 12, while the position of the center of the occupation domains is given by the 4D and 6D
coordinates for polyhedral and icosahedral tilings. Note that the Socolar tiling has a face-centered lattice with a doubled lattice constant.

Tiling Symmetry  Corner vector  Site symmetry Position
Penrose p10mm (1,0,0,0,0) Sm (1.1.1,1)/5
(1,0.0,1,0)/2
(1,0,0,1,0) Sm (2,2,2,2)/5
(1.2,0,1,0)/2
Binary p10mm (1,0,0,0,0) 10mm (0,0,0,0
(1.00,0,1)/2
(0,0,0,0,1) 5m (LL1,1,1)/5
0.0,1,0,1)
Dodecagonal ~ pl2mm 0,1,0,1,0,2)/3 Im (0,1,02)/3
Penrose ©.1,0,20.1)/6
2,1,1,1,1,2)/3 Im (1,1.2.2)/3
) (1.12.1.1.2)/3
Socolar Fm35 (IL11,1,1,1)/4 m35 (L1L1,1.1.1)/4
{1,0,0,0,1.0)/4
(5.1,1,1,1,1)/20
(1,1,1,1,1.1)/4 m35 (3,1,1,1,1,1)/4
(1,1.0,1.1.0)/4
(L111,1,1)/4
For the octagonal and icosahedral tilings, e, = d; the occupation domain is a vertical bar. The phonon

Tables 13 and 14 use the coordinates with respect to
e’ (Figs. 10d—f and 11b).

Other quasiperiodic tilings have several occupation
domains. In the Penrose, binary and dodecagonal Pen-
rose tilings, their number is 4, 3 and 8 but two of
them are independent for all the cases (Figs. 18a, 20
and 21). The tiling obtained by Niizeki is derived from
the occupation domains A, B, C and D in Fig. 21
(Niizeki, 1989). For the icosahedral Socolar tiling, two
occupation domains exist (Fig. 24). Their location and
the corner vectors are listed in Table 14 together with
the site symmetry. Except for the generalized Penrose
tilings, which are obtained from the n-gonal lattice
(n = 8, 10, 12) in nD space (the octagonal, decagonal,
dodecagonal Penrose tilings and 3D Penrose tiling etc.),
the shape of the occupation domain is not related to the
projection of the unit cell, so that we can obtain many
tilings by tailoring the occupation domains. In particular,
the occupation domains for the cluster models have a
complicated shape as shown in §16.

13. Phason in quasicrystals

The linear shear strain in quasicrystals gives prominent
effects in the diffraction pattern and leads to a variety
of structures. They can be classified into two categories.
One is the phonon strain and the other the phason strain.
The former leaves the external space passing through the
origin invariant, while the latter leaves the internal space
unchanged. In Figs. 29(b) and (c), these two are shown
for the Fibonacci lattice (1D analog of the quasicrystal),
where the primitive tiles are reduced into short (S) and
long (L) bars in the external space (horizontal line) and

strain changes the size of the short and long tiles,
keeping the arrangement of the tiles, while the phason
strain changes the arrangement of the tiles, keeping the
size of the tiles. The diffraction patterns corresponding
to the distorted lattices under the phonon and phason
strains are shown in Fig. 30. In the nD crystallography,
the observed diffraction patterns are regarded as the
projection of the reciprocal lattice onto the external
space (horizontal line) along the internal space (vertical
line). The phonon distortion does not change the position
of the diffraction spots but the intensity, while the
position is displaced under the phason strain, keeping
the intensity unchanged. The displacement from the
position of the undistorted lattice is proportional to the
internal component of the diffraction vector. It should
be noted that, under an appropriate phason distortion,
we get a periodic structure (Fig. 31a). Then, an infinite
number of reciprocal-lattice points is projected onto the
same point in the external space (Fig. 31b). This is the
crystalline approximant. Therefore, the structure factor
for the crystalline approximant is obtained by summing
up structure factors of the reciprocal-lattice points which
are projected onto the same position. In this case, the
symmetry of the Fibonacci lattice is oblique before and
after the phason distortion and is unchanged. On the
other hand, the phason distortion lowers the symmetry
of polygonal or icosahedral quasicrystals and a variety of
phason distortions can be considered (Ishii, 1989; Wang,
Quin, Lu, Feng & Xu, 1994).*

* Exactly speaking, the structure under the phonon strain in Fig. 29(b)
is different from a normal structure under the shear strain as in Fig.
7(c). In this case, only the lattice is deformed by the strain keeping
the occupation domain unchanged.
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For simplicity, we neglect the phonon distortion with
respect to the n-fold (n = 8, 10, 12) axis along the
periodic direction for polygonal quasicrystals. Then the
unit vectors of the distorted lattice are given by

(QTe/l)z] ]’ (56)

di = Z Qi]
i=1

u[VJS

where m = 4 and 6 for polygonal and icosahedral
quasncrystals and Q are defined by (30), (32), (34)
and (37). T¢ and T* are the strain tensors for the linear
phonon and linear phason strains, which have following

forms:
e |1 0
T¢ = [U‘i Id] (57
1, U
T = [6’ Id]’ (58)

where I, is the d x d unit matrix, U¢ and U* are general
d x d matrices and U’ = —U®, d = 2 for polygonal
and d = 3 for icosahedral quasicrystals. An appropriate
combination of the phonon and phason strains can give
a rotation (Kramer, 1987; Torres, Pastor, Jimenez &
Fayos, 1989; Soma & Watanabe, 1992). We now discuss
the phason strain in more detail.

13.1. Quasiperiodic tilings under phason strain

In real quasicrystals, the phason strain always reduces
the symmetry, which can be crystallographic or non-
crystallographic. The SM can calculate their diffraction
patterns (Elser & Henley, 1985; Wang & Kuo, 1988;
Yamamoto, 1992b). The phason strain shifts the position
of diffraction spots. The unit vectors in the reciprocal
lattice under the phason strain are given by

xf __ e
d’ = 1§(MT )i (59)
The diffraction vector h with Miller indices h. (i < n)
under the phason strain is given by h = }°7_, h,d¥.

The tiling under the phason strain is obtained easily
from the SM. The effect of the phason strain appears in
the location of the occupation domains and their shape.
In the previous section, it is shown that the occupation
domain can be specified by the coordinates with respect
to the internal components of the unit vectors. As shown
in §5, the occupation domains of typical tilings like the
octagonal, decagonal and dodecagonal Penrose tilings
are related to the projection of the unit cell of the nD
space (n = 4, 5, 6) onto the internal space. Equations
(57) and (59) indicate that the internal components of the
unit vectors change according to the phason distortion
with their external components left invariant. As a result,
the shape of the occupation domain slightly changes.
In order to obtain a tiling with the same tiles without
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gap or overlap, we have to use the projection of the
new cell as the occupation domain. After that, we can
obtain the quasiperiodic tilings under phason strain in a
similar way. For example, if the internal component of

(a)

(b)

()

Fig. 29. 1D quasicrystals under (a) no strain, (b) phonon strain and
(c) phason strain.
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(«0)

Fig. 30. The diffraction patterns corresponding to the structures in
Fig. 29.
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-n' = Z‘}:l n;d is in the new occupation domain, its
external component is plotted.

For the description of distorted quasiperiodic tilings,
it should be noted that the site symmetry is reduced by
the phason strain. Therefore, the independent part of the
occupation domain is larger than that of the original one.

13.2. Polygonal quasicrystals under phason strain

For octagonal (dodecagonal) quasicrystals, Ul"l =
—Uy and U, = U3, (U} = Uj, and U, = U}y
lead to the tetragonal distortion. Then the diffraction
pattern shows the tetragonal symmetry although the
number of unit vectors necessary for the indexing is
still five (four for 2D tilings) in general. Therefore,
the symmetry is crystallographic but the diffraction
pattern is similar neither to that of usual crystals nor
to that of modulated structures. In the latter, prominent
so-called main reflections are found but there exist
no such reflections in the distorted quasicrystals under
the phason strain. Therefore, these should be called

b)

Fig. 31. (a) A periodic structure under the phason strain and () its
diffraction pattern.
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tetragonal quasicrystals. An example is shown in Figs.
32(a) and (b) for a distorted octagonal Penrose tiling.
Similarly, the hexagonal quasicrystals are possible for
dodecagonal cases when U}, = -Uj, and U}, = U;,.
When |Uj,| # |Us,|, orthorhombic quasicrystals are
realized in general (including decagonal cases) while
|Ut,| # |U3,| causes monoclinic distortion.

13.3. Icosahedral quasicrystals under phason strain

It is convenient to use two sets of unit vectors of
the external and internal spaces. Pentagonal, cubic and
trigonal quasicrystals can be derived in the icosahedral
quasicrystals, as shown by Ishii (1989) (see also Mai,
Tao, Zeng & Zhang, 1988). For the pentagonal quasi-
crystals, a, given by (37) is convenient but another
unit-vector set is more appropriate for the latter two
although both sets can express all possible distortions.
This is because two axes a, and a, are parallel to the
fivefold axis in (37). Then, non-zero U}, = U, and
Ui, give the pentagonal quasicrystals. In order to treat
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Fig. 32. (a) A periodic tetragonal pattern obtained from the octagonal

Penrose pattern under the phason strain and (b) its diffraction
pattern.
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the latter two cases, it is convenient to take unit vectors
parallel to the twofold axes (Yamamoto, 1992b), which
are defined by

d,
d,
dy | _ &
d, —(2+T)|/2
ds
d;
1 » 0 T -1 0 aj
r 0 1 -1 0 7 aj
>('rO—l—lO—T aj
o1 - 0 7 1 aj
-1 0 -7 -1 ag
o 1 7 0 T -1 ag
(60)

The phason strain matrix T is defined by (57) when
a, is replaced with af in (56). Then, U[¢ = Ujs = U
gives cubic quasicrystals and Uj$ = Ujs = Uiy and
Ujs = Us¢ = Ui lead to trigonal quasicrystals.

13.4. Crystalline approximants

The crystalline approximants are obtained when three
linearly independent lattice points are in the external
space passing through the origin. In polygonal cases,
the fifth axis is always in the external space, so that it is
enough to consider two vectors perpendicular to it. The
crystalline approximants are important for understanding
quasicrystal structures so that we discuss several cases
in more detail.

The coordinates z; with respect to a, of the lattice
vector 3_7_, n'd’ are given by

2l = El(TiQ)u”}' (61)
1=

From the condition under which the internal-axis
components are zero, we can obtain the strength
of the phason strain. In the polygonal (icosahedral)
quasicrystals, there are four (nine) internal components
of two (three) independent vectors that should be zero.
This determines the four (nine) matrix elements of
U*. It should be noted that the strength depends on
the lattice constant a’ of the internal space. Since this is
arbitrary, the strength has no physical meaning. Usually,
a’ is set equal to a but, even in this case, we cannot
compare the values in coordinate systems with different
a directly because of the similarity transformation. In
order to compare the strength of the phason strain,
we have to use the same coordinate system with the
same lattice constant a and a’. For example, in the
so-called (1,1) cubic approximant as in the R phase
of Al-Cu-Li or a phase of Al-Mn, the external
space passes through the origin and (1,1.1,0,1,0Y,
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(1,0,0,1,1,1) and (0,1,1,1,0,1)’, where the prime
means the coordinates with respect to the deformed unit
vectors d’. Therefore, if they are unit vectors in the
crystalline approximam, their internal components are
zero. Then, from z; 0 (1 = 4,5, 6)in (61), we have
UVl =Ul,=Uj, = ! provided that a = o’ ~ 4.8
or 5.0A. In the mgonal approx1mant of i- Al Cu-Fe,
(2,1,1,1, 1,1y, (1.2,1, 1,1, 1), (1,1,1,1, 1,2 of the
face-centered 1cosahedral lattlce are in the external
space, forming a rhombohedral approximant. Similar
calculations lead to the phason strain for this case:

_ a v 03
U'=1|8 « ~/|, (62)
¥y 3 o
where « = —77%/2, 8 = 7735(1 + 7%)/2 and v =

7='/3. The unit cell of the approxlmant is the acute

rhombohedron with the edge length 27%a (¢ ~ 4.8 A).
In this case, their face centers are translationally equiv-
alent to the origin because the approximant is related
to a face-centered icosahedral quasicrystal. Thus, unit
vectors of the primitive (thombohedral) cell are given
by (ag +bg)/2, (bg 4+ cp)/2 and (ay + ¢p)/2, where
ap, bn and cpare (2,1,1,1,1,1),(1,2,1,1,1,1) and
(1,1,1,1,1,2). (Note that they are in the external
space.)

The distortion of the lattice shifts the position of the
reflections in the external space according to (59). The
diffraction patterns of R-Al-Cu-Li are shown in Fig.
33. In crystalline approximants, an infinite number of
reflections in nD space is projected at the same position
in the external space as mentioned above. Thus, the
structure factor of the approximant can be calculated by
the summation of the structure factors of the overlapped
reflections of the quasicrystal. In Fig. 33, these over-
lapped reflections are plotted independently. The inverse
relation was used to calculate the phases of reflections
of the quasicrystals from the known approximant phases
(Jari¢ & Quin, 1990).

The above argument determines the lattice of the
crystalline approximant but there exists an ambiguity for
the structure. We can obtain different crystalline approxi-
mant structure with different symmetries by choosing the
external space passing through the different positions in
nD space. (Even in quasicrystals, the different external
spaces lead to different structures but they are locally
isomorphic and their diffraction patterns and macro-
scopic physical properties are the same.) The symmetry
of the crystalline approximant is generally represented
by the subgroup of the space group of quasicrystals.
The situation is similar to that of locked-in phases
of modulated structures, where their space group is a
subgroup of the superspace group of the incommensurate
structure and it depends on the choice of the external
space (Yamamoto & Nakazawa, 1982). For example,
if it is desired to obtain the centrosymmetric structure,
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the external space passing through the inversion center
in the nD space has to be chosen. Several examples
of approximants of the pentagonal Penrose tiling were
shown by Niizeki (1991). It should be noted that the
approximant may have a lower symmetry than that of the
unit cell depending on the choice of the external space.
An example is shown in Fig. 34, which is obtained from
the Penrose tiling by introducing the phason strain with
Ui, = —7=% and U}, = —7~°. This has a rectangular
cell but the structure has only one mirror plane through
the origin. This is obtained from the external space
passing through (1, 1,1, 1)/5.

Under the phason strain giving crystalline approxi-
mants, the external space passes only discrete points
of the occupation domain. If the external space passes
near or in particular at the boundary of the occupation
domain, a slight or infinitesimal change in the shape of
the occupation domain causes different structures.

Fig. 33. The diffraction patterns of R-Al-Cu-Li along (a) a threefold
axis and (b) a twofold axis. They are obtained from a 6D model of
i-Al-Cu-Li by introducing the phason strain.
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13.5. Random phason

In contrast to the linear phason strain, the random pha-
son strain is the random shift of the occupation domains
along the internal space, which depends on the external
component of the position of occupation domains. This
is a long-range fluctuation of the occupation domains,
which is longer than the shortest interatomic distance and
shorter than the coherence length of X-rays (several pm).
On the stability of quasicrystals, the random tiling model
asserts that they are stabilized by entropy effects that are
caused by the presence of the random phason (Henley,
1987; Widom, Deng & Henley, 1989; Strandburg, Tang
& Jari¢, 1989). On the other hand, they may be stable
energetically (Onoda, Steinhardt, DiVincenzo & Socolar,
1988). These two stabilization mechanisms have not
been established yet. In any case, quasicrystals seem to
include random phason strain, but this may or may not be
essential for stabilization. Since conventional diffraction
experiments observe the average periodic structures in
nD space, the random phason strain obscures the bound-
ary of the occupation domain and it is reflected in the
phason temperature factor (Kalugin, Kitayev & Levitov,
1985a,b). If the fluctuation along the internal space is
given by a Gaussian function, the occupation domain
observed by the experiment is the convolution of the
Gaussian function and the ideal occupation domain. Its
Fourier integral adds a factor exp[—B'#(h')?/4] in (48),
where B'# is the phason temperature factor. Thus, the
factor exp[—B"(h¢)?/4] in (48) has to be replaced by
exp[—B*(h*)?/4— B'*(h')* /4]. The anisotropic phason
temperature factor 1s expected theoretically when the
quasicrystal transforms into a crystalline approximant by
the instability for a phason distortion (Jari¢ & Nelson,
1988).
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Fig. 34. A periodic pattern with a4 mirror plane and a rectangular lattice.
The unit cell is shown as dotted lines.

14. Structure determination methods

There are several methods of the structure determination
of quasicrystals. All the methods are based on the nD
description of quasicrystal structures. Several classical
methods are also applicable to quasicrystals. The Patter-
son method can draw Patterson maps in the nD space,
from which we can derive the location of the occupation
domains. The contrast variation method determines the
partial structure factor by using several samples that
have the same structure but consist of atoms with
different scattering amplitudes. This can be achieved by
neutron scattering with several samples by isomorphous
replacement of isotopes or the anomalous-dispersion
effects of X-rays using the absorption edge of constituent
atoms. Then, the Patterson map gives the initial model
of quasicrystal structures. The direct method gives the
phases of observed reflections. On the other hand, in
the trial-and-error method, an initial model has to be
obtained from the investigation of quasiperiodic tilings
and their decorations and/or electron microscopy. In par-
ticular, for polyhedral quasicrystals, electron microscopy
gives important information for modeling. All methods
have several drawbacks, so that they are complementary
to each other.

14.1. Patterson method

The Patterson map of quasicrystals can easily be
obtained from the Fourier transformation of the observed
intensities which are indexed by nD Miller indices.

P(r)=(1/V) ; |F,,.(h)[? exp(—2mih -r),  (63)

where V is the volume of the unit cell and r and h
are the nD positional and reciprocal-lattice vectors. This

Fig. 35. The Patterson map of i-Al-Pd-Mn. Periods along two fivefold
directions are shown by dotted lines. Short and long periods
correspond to (100000) and (O11111).
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was applied to the analyses of i-Al-Cu-Fe (Gratias,
Cahn & Mozer, 1988a,b) and d-Al-Mn (Steurer, 1989).
Examples of the Patterson maps for i-Al-Pd-Mn having
the face-centered icosahedral lattice are shown in Fig. 35
(Yamamoto, 1995). This is a self-convolution product of
the density p(r) in nD space:

P(r)y = (1/N) [ p(x)p(r + x) dx. (64)

Therefore, the deduction of the electron density p(r) is
not an easy task but we can infer the location of large
occupation domains and their rough size. From Fig. 35,
we can consider that possible positions of the occupa-
tion domains are at (0,0,0,0,0,0), (1,0,0,0,0,0)/2,
(LLL 1L L1D/4 and (3,1,1,1,1,1)/4 of the face-
centered icosahedral lattice. The deviation of the
occupation domain from the isotropic occupation domain
(sphere) was observed in i-Al-Cu-Fe by Comier-
Quiquandon, Quivy, Lefebvre, Elkaim, Heger, Katz &
Gratias (1991). It is, however, not easy to consider the
distribution of constituent atoms. For this purpose, the
contrast variation method explained below is efficient.

14.2. Contrast variation method

This can be used with either neutron scattering or
anomalous X-ray diffraction to separate partial structure
factors from the total structure factor. Let the change
of neutron scattering lengths or atomic scattering factors
be possible. The diffraction intensity of a binary alloy
1s given by

Ih)=1|b

L(hO)EF (W) +by(h ) Fu(h' ), (65)

where h_wj(h‘ ) is the neutron scattering length or X-ray
scattering factor at the diffraction vector h' for an A/ 3
atom and I, 5 is the corresponding normalized partial
structure factor. The right-hand side of (65) becomes

DLE P+ 0 Fyl? + 20 bl F L\ ||FylcosAg 5, (66)

where Ay, is the phasc difference between F', and
F,;. There are three unknown variables, |F,l, |Fyl
and Ay, in the above expression. Thus, if we usc
three different sets of 4 , and b, they are determined.
\[ | or [£75] gives lhe partial Patterson map, which
is a self-convolution product of the density function
for one element. This makes the interpretation of the
map much easier than that of the usual Patterson map.
This was applied to the structure analyses of i-Al-Cu-Li
and i-Al-Mn by neutron scattering (Janot, de Boissieu,
Dubois & Pannetier, 1989; Janot, Pannetier, Dubois &
Boissieu, 1989). Similarly, in the termnary alloys, six
unknown quantities, |F',|, |F|, [Fo|, A g, A¢pe
and Ay .. can be determined by six samples.
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14.3. Direct method

The direct method has been applied to i-Al-Cu-Li
by Fu, Li & Fan (1993) to check its efficiency in the
quasicrystal structure determination. The quasicrystal is
a crystal in 1D space but the electron density is extended
along the internal space since the occupation domain is
parallel to the internal space. This is essentially different
from a normal crystal and its direct extension to nD
space, where the atom is spherically symmetric in nD
space. The difference can be removed if we assume the
occupation domains for all the atoms in nD space are the
same and have the point symmetry of the lattice. Then,
from (48), the structure factor is given by

F(h) = £,(h)[*(h), (67)
where
Eh)=Y 3 fr(h)p" exp[—Br(h)?/4]
w {R|t}”
x exp[2mih - (2" + t)). (68)

Since the atomic scattering factors f#(h") extend only
over the external space and the & function along the
internal space, I (h) is quite similar to that of the usual
structure factor. Thus, the usual direct-method phasing
by the random starting tangent refinemeni procedure can
be applied to |F'(h)| = [F'(h)|/|F,(h)| (Yao, 1981). As
the common occupation domain F(h), the spherically
symmetric occupation domain with an appropriate radius
is employed. It was estimated from the origin peak in
the Patterson map in nD space, which is spread in the
internal space (Fu, Li & Fan, 1993). The radius used is
nearly equal to that of the sphere with the volume of the
rhombic triacontahedron for the 3D Penrose tiling. The
direct-method phasing process gave peaks at the origin,
edge center and body center in the 6D icosahedral lattice
as expected. The next step is to calculate #'(h) with (67)
since F'(h) is now obtained and the factor F,(h) is given
by (50). Finally, the electron density p(r) in 6D space
is obtained by the inverse Fourier transformation of the
structure factor F'(h):
(V)2 Fih

Jexp(—27h - r). (69)

Thus, we can obtain the information of the occupation
domain. In real quasicrystals as in i-Al-Cu-Li, the sizes
of the occupation domains at the origin, edge center
and body center are different and, in particular, the
occupation domain at the edge center has no icosahedral
symmetry. Therefore, the use of the common occupation
domain with spherical symmetry is a rough approxima-
tion. Nevertheless, the procedure worked well. It seems
to be insensitive to the choice of the common occupation
domain. A similar procedure is expected to be applicable
to the polygonal quasicrystals with the use of a circular
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occupation domain instead of a spherical one for all
atoms.

14.4. Trial-and-error method

The trial-and-error method is based on structure-
factor calculations and the least-squares method. This
is essentially the refinement method. Therefore, we need
an initial model obtained from theoretical considerations
or the methods mentioned above. We discuss the theo-
retical methods in the following. The basic model is
the quasiperiodic tiling. Duneau & Katz (1985) showed
that the 3D Penrose tiling gives the diffraction patterns
similar to those of the first found quasicrystal i-Al-Mn
and Yamamoto & Ishihara (1988) clarified that the
diffraction patterns of d-Al-Mn are also similar to those
of the 2D Penrose tiling and gave a possible model
explaining the diffraction intensity and the extinction
rules due to the space group P10;/mmc. These models
however gave too low point densities. In order to obtain
a realistic density, decoration of the quasiperiodic tilings
is necessary, which is the subject of the next section.
The first realistic models of icosahedral and decagonal
quasicrystals were derived for i-Al-Mn and d-Al-Co-Ni
(Yamamoto & Hiraga, 1988; Yamamoto, Kato, Shibuya
& Takeuchi, 1990) by the trial-and-error method. The
models are based on the theoretical consideration of
crystalline approximants and the relation between the
approximants and quasicrystal structures under a linear
phason strain. The structure models were constructed so
as to give the crystalline approximants of «-Al-Mn and
Al Fe,. In both cases, the atom clusters are considered
from the analogy of the crystalline approximants. They
are observed in many quasicrystals and seem to be
important building units for all quasicrystals. Thus, the
structure model is not so simple in contrast to the first
success of the quasiperiodic tiling.

15. Decoration of quasiperiodic tilings

So far, we have discussed general problems of quasi-
crystals and quasiperiodic tilings as the simplest models
of quasicrystal structures. Simple tilings discussed in §§5
and 6 do not, however, give real quasicrystal structures
but their vertices appear as the center of the cluster.
The success of the 3D Penrose tiling for icosahedral
quasicrystals was only qualitative (Yamamoto & Hiraga,
1988). It could not explain the density of the real
quasicrystal. Therefore, in the next approximation, the
density has to be explained. This can be done by
considering the decoration of quasiperiodic tilings. A
simple structure obtained from the 3D Penrose tiling
was successful for i-Al-Cu-Li, where the edge-center
atom and two atoms on the body diagonal of the acute
rhombohedron (two body-diagonal positions) were intro-
duced (Shen, Poon, Dmowski, Egami & Shiflet, 1987).
As an example of such a decoration, we start with simple
decorations of the octagonal Penrose tiling since this is
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the simplest case. As shown in §§5 and 12, the octagonal
Penrose tiling is obtained from the octagonal occupation
domain with the edge length o’. When the occupation
domains at the lattice points r and r + d ; intersect the
external space, atoms appear at r¢ and r¢ +d{. Then the
external space intersects the union of their occupation
domains: V(r')|JV(r' +d?). The edge-center atom
at r° 4+ d$/2 is obtained from the union of the two
occupation domains at r +d_/2. This is a squashed
hexagon with the edge length @’ (Fig. 36a). Similarly,
the face center position of the rhombus (square) with
edges d and dj (d and dY) is obtained from the union
Ve )UvE +d) UV +d) U Ve +di +dj) at
r+(d, +d,)/2. These are a rhombus with an angle 7/4
and a square with the edge length o’ (Figs. 36b,c). The
tiling with atoms at all edge and face centers is shown
in Fig. 37.

Similar calculations can be made for the 3D Penrose
tiling. From the crystalline approximants of i-Al-Cu-Li,
it is expected that atoms are situated at the edge-center
and two body-diagonal positions of the acute rhombo-
hedron, which divide the diagonal into 7=% : 773 : 772
(Henley & Elser, 1986). From a similar consideration,
the edge-center position is given by the occupation
domain at the edge center d /2, which is a union of two
triacontahedral occupation domains at the origin and d;

(a)

)

()

Fig. 36. The occupation domains for (a) edge centers. and face centers
of (b) rhombi and (¢) squares.
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Its shape is given by the rhombic icosahedron with edge
length o’ (Fig. 23d). The occupation domain related to
the diagonal two positions is the same in shape as that
of the body-center position of the acute rhombohedron
but is shifted. The union of the eight triacontahedra at
r,r' + d; (7=123),r -+—_d; +d; [(j. k) =(1,2),
(2,3), (3. 1)] and r' +d| + d5 + dj is the acute rhom-
bohedron (Fig. 23a). [This agrees with the union of four
rhombic triacontahedra at r' and r’ + d; (13=1, 2, 3)]
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Fig. 37. The octagonal pattern decorated with edge-center and face-
center atoms.

Fig. 38. The occupation domain or a cluster model of Li in i-Al-Cu-Li
at the body center of the icosahedral lattice.
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If this is located at the body center r + E‘;:l d;/2, an
atom appears at the body center of the acute rhombohe-
dron r¢ + Z‘;:l dj /2. In order to obtain atoms at the
two body-diagonal positions, the occupation domain has
to be shifted by +7° ZL, d}/2 along the external
space. When all the body-diagonal positions with 20
different orientations are considered, the resulting oc-
cupation domains construct a dodecahedral star shown
in Fig. 23(f) (Yamamoto, 1990). In i-Al-Cu-Li, the
vertex and edge-center positions are occupied mainly
by Al and Cu statistically, and the two body-diagonal
positions by Li. This was the first success of simple
decoration models for quasicrystals (Elswijk, de Hosson,
van Smaalen & de Boer, 1988). A detailed analysis gave
a slightly different model, which is the cluster model
discussed below.

(©)

Fig. 39. (a), (b) The occupation domains of (c¢) the Burkov
model for d-Al-Cu—Co. The domains (a) and (b) are located at
(1,1,1,1,52)/5 and (2, 2, 2,2,52)/5 in the 5D decagonal lattice.
The atoms derived from small occupation domains in (a) and (b)
are represented by the same color in (¢).
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the vertices of the 3D Penrose tiling by the factor 77°.
The first shell of the cluster consists of 12 Al/Cu atoms
at the edge centers of 12 bonds in the 3D Penrose
tiling. They come from two small triacontahedra at
d,/2 ¥ d)/2 within the rhombic icosahedra centered at
d | /2 since the positions of the edge-center atoms +d4/2
are equivalent to d,/2 F d’/2. The second shell con-
sists of 12 vertices and 20 atoms on the body diagonal
of the acute rhombohedron, which divide the diagonal
in the ratio 77° : 77!, They are created by the small
triacontahedra at (1,1, 1,1, 1, 1)"/2 = (1, I, 1, 1, 1, 1)/2
—(1,1,1,1. 1, 1}/2 and 19 equivalent positions. These
are the small triacontahedra seen in Fig. 38. Most parts of
the triacontahedra are in the dodecahedral star but small
parts are outshot. This means that the simple decoration
discussed in the previous sections gives the atom cluster
in most 12-fold vertices but some of them are not
complete clusters. Thus, the cluster model modifies the
simple decoration model slightly (Yamamoto, 1992b). In
this model, there exist linking atoms connecting clusters.

On the other hand, a model of d-Al-Ni-Co proposed
by Burkov (1991) does not include linking atoms but two
kinds of atom clusters. The location of the cluster centers
is related to the binary tiling given by Lancon & Billard
(1988) and Zobetz (1992), where the tiling is generated
by three occupation domains as mentioned in §5, two
of which are independent (Fig. 20). The occupation
domains are located at the same positions as those of
the binary tiling but have complicated shapes (Figs. 39«
and b). In order to classify the atoms depending on the
different parts of the occupation domains, the structure
in 2D space is colored (Fig. 39¢). This model gives
intercluster distances of about 12 A.

In d-Al-Pd-Mn, the cluster arrangement is quite sim-
ilar to that of the model by Burkov but the intercluster
distances are about 20 A, that is 7 times longer than that
of the Burkov model of d-Al-Ni—Co (Hiraga, Lincoln,
& Sun, 1991). This also has two kinds of cluster but the
cluster size is 7 times larger. The structure of the cluster
is deduced from high-resolution electron microscopy and
the structure of the approximant Al;Mn (Hiraga & Sun,
1993; Li, Shi, & Kuo, 1992; Hiraga, Kaneko, Matsuo
& Hashimoto, 1993). Fig. 40 shows the HRTEM image
and the cluster arrangement of d-Al-Pd-Mn. It should
be noted that the large clusters with about 20 A diameter
are arranged quasiperiodically, the centers of which are
created by the decagon with the corner vector el
(¢« ~ 2.7A). Since this is smaller than that of the
binary tiling with the edge length of |e,| by the factor
7=, the intercluster distance is 7' times larger than
the edge length of the binary tiling, 2a/5'/?. A model
that has similar clusters was proposed by Yamamoto
(19934) based on single-crystal X-ray analysis but the
structure of the cluster is slightly different. Its large
occupation domains are shown in Fig. 41. The shape
of the small occupation domain is similar to that of
the Burkov model but the size is smaller than that of
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the latter by the factor 7' because the intercluster
distance is about 20 A. The occupation domains lead to
the structure shown in Figs. 41(¢) and (f) (Yamamoto,
1993a). Recently, it was shown that d-Al-Ni—Co shows
a superstructure (Edagawa, Ichihara, Suzuki & Takeuchi,
1992; Edagawa, Tamura, Suzuki & Takeuchi, 1995). The
X-ray analysis of d-Al-Ni—Co has been done only for
the average structure (Steurer, Haibach, Zhang, Kek &
Liick, 1993). Therefore, the result of the X-ray analysis
has to be interpreted carefully.

A cluster model of i-Al-Pd-Mn was given by
Yamamoto, Sato, Kato, Tsai & Masumoto (1994)
based on single-crystal X-ray diffraction. This has three
complicated occupation domains, which are located at
(0,0,0,0,0,0), (1,0,0,0,0,0)/2 and (3,1,1, 1,1, 1)/4.
Similar to the model for decagonal quasicrystals
mentioned above, they consist of small rhombic
triacontahedra, small dodecahedral stars and small
rhombic icosahedra, which are smaller than those of
the simple decoration model of i-Al-Cu-Li by a factor
of 77! This is based on the decoration of the 3D
Penrose tiling with the edge length 77a.

The models of d-Al-Pd-Mn and i-Al-Pd-Mn are
refined by introducing a shift from ideal-atom positions.
This is quite reasonable because the local environments
of atoms are in general different from each other. Then
the position of each small occupation domain can be
shifted along the external space. Such a refinement
method will be discussed in the next section.

Several different symmetries are found in decagonal
quasicrystals with different periods. The space groups
found so far are: P10s5/mmc for d-AlyNi;sCoys
(c = 4.0807A), d-AlssCu,y,Coys (¢ = 4.1481 A) and
d-AlysMnsPd;; (¢ = 12.4 A);  P10/mmm  for
d-Al,CoxNijy (¢ = 4.08A); and P10m2 for
d-Al,gNisFes (¢ ~ 17A) (Steurer, Haibach, Zhang,
Kek & Liick, 1993; Steurer & Kuo, 1990; Yamamoto
& Ishihara, 1988; Beeli, Nissen & Robadey, 1991;
Yamamoto, 1993a; Saito, Tanaka, Tsai, Inoue &
Masumoto, 1992). In d-Al,Ni,;Co, or d-Al-Co, there
are diffuse streaks perpendicular to the tenfold axis
indicating a doubled (~ 8 A) period and also satellite
reflections suggesting a superstructure in 5D space. The
structure analyses made so far neglect such complexity.
On the other hand, d-Al;,Mn ,Pd , (¢ = 12.04 A) shows
no diffuse streaks and no satellites.

We discuss the cluster model of d-Al,,Mn;Pd ; in
more detail in order to show a modeling of a 5D structure
with a given space group. From the crystalline approxi-
mants Al,Mn (Hiraga, Kaneko, Matsuo & Hashimoto,
1993), we assume that it consists of ten layers at around
z = +0.25, z = £0.25 £ 0.12 and z = £0.25 £ 0.19.
The 10, screw axis and the mirror plane suggest that one
layer.is on the mirror plane perpendicular to the screw
axis at z = 0.25 and the layers at z > O are related
to those at z < 0 by the screw axis. Therefore, there
are three independent layers. Furthermore, its HRTEM
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image indicates that the arrangement of the cluster
centers is quite similar to the tiling obtained from the
decagonal occupation domain for the binary tiling (Fig.
20b) and that the size of the clusters is about 20
(Hiraga, Sun, Lincoln & Matsuo, 1993). This gives a
lattice constant of about 2.8 A and the cluster centers are
generated by the decagon with the corner vector r“3e}
(Fig. 41).

As discussed above, the occupation domains of
the cluster atoms are obtained from that of the
center [domain 1 in Fig. 41(a)] by shifting it by
an appropriate amount along the external space.
For example, the atoms at e = Za/Sl/z[Cja, +
sjaz] from the center are obtained from the small
occupation domains at e} from the position of the
occupation domain of the center. In the present case,
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the occupation domain of the cluster center is at the
origin. Therefore, the shifted occupation domain for the
atoms at e appears around —(1,41, 1,1,52)/5 since
el =dj—),_,dj/5=-e’ -3 _, d,/5. Therefore,
this is domain 4 in Fig. 41J(b). Similarly, the atoms
at e] + e] efc. are from the occupation domain at
—(2,2,2,2,52)/5. In the present case, there is another
cluster that is located at the center of the pentagon
formed by the cluster centers. The center is obtained
from a two rhombic star of the occupation domains
of the binary tiling by reducing its size by a factor
7% [domain 1 in Fig. 41(c)]. These two are located
at (1,1,1, 1, 2)/5 and are related to the tenfold screw
axis. The atoms around this cluster are also obtained
by shifting the occupation domain of the cluster (the
small rhombic star). Such a construction leads to the

ik

X

\/

N
o

Fig. 41. (a)—(d) Large occupation domains of (e), (f) the cluster model of d-Al-Pd-Mn by Yamamoto (1993b). (a) The domain E located at
(0,0,0,0,1/4). (b) The domain D at —(1/5,1/5,1/5,1/5,1/4). (c) The domain A at (1/5,1/5,1/5,1/5, ~ 0.38). (d) the domain B at
(2/5,2/5,2/5,2/5, ~ 0.44). The structures are projected along the tenfold axis within the range (¢) 0 < = < 0.5 and (f) 0.5 < = < 1.
Atom colors correspond to the occupation domain colors as in Fig. 39. Atoms denoted by circles, triangles, squares and pentagons are
obtained from the E, D, A and B domains in (e), while they come from other domains in ( f), which are obtained from E, D, A and B by the
105 screw axis. Small black, violet and red domains are cited as domains 1, 2 and 4 in the text.
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occupation domains in Figs. 41(a)—(d) and the structures
in Figs. 41(e)~(f). In order to see the correspondence
between the small occupation domains and the structure
in layers perpendicular to the tenfold axis, atoms are
plotted with the same color.

As seen above, the cluster model has complicated
occupation domains but the structure consists of two
clusters and no linking atoms are present. The atoms
derived from a small occupation domain have the same
local configuration. We can therefore expect the same
temperature factor, the shift from the ideal position and
the partial occupancies mentioned below to a good ap-
proximation. In the structure refinement, it is necessary
to take into account the shift. This naturally leads to the
refinement method discussed in the next section.

17. Refinement methods

The refinement method is used in the trial-and-error
method or in the last stage of the structure determination.
This needs a starting model, which is usually obtained
from the Patterson or partial Patterson or direct methods
discussed in §14 or the theoretical consideration of the
structure of crystalline approximants. A rough model can
easily be obtained from the Patterson method if there
are a few large occupation domains that are located
at the special positions. This seems to be true for all
quasicrystals found so far except for i-Zn-Mg-Y found
recently, where there may exist many small occupation
domains (Yamamoto, Matsuo, Yamanoi, Tsai, Hiraga &
Masumoto, 1995). Then the first task is to determine the
size of the large occupation domain since the diffraction
intensity is quite sensitive to its size but not so sensitive
to its shape (Elser, 1986), provided that an appropriate
assignment has been done for the occupation of each
domain by constituent atoms. At this stage, we can use
spherical occupation domains for icosahedral quasicrys-
tals and circular ones for polyhedral quasicrystals. The
radius can be refined by the least-squares method by
using the analytic expression of their Fourier integrals
[(49) and (50)]. The partial occupancy of each occu-
pation domain can also be refined at the same time
if the occupation domain is occupied by two atoms
statistically. Then the factor ["p/ in (48) is replaced
by [fI'(1 — s*) + fis*|p#, where s" is the partial
occupancy of the second atom sharing the pth site and

* and f3' are the atomic scattering factors of the first
and second atoms. The quasicrystal is usually a ternary
alloy. If we try to refine the partial occupancies of
three atoms the same factor is replaced by the factor
A= s = 92) + fé‘ s + fy'sh]p" with two partial
occupancies s, and s} (Yamamoto Matsuo, Yamanoi,
Tsai, Hiraga & Masumoto, 1995) but it is impossible
to refine these two at the same time by using a single
diffraction data set because of the correlation between
these two parameters. This is because for a specified
value of the factor there are many combinations that
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give almost same values. If we use two different sets of
diffraction data like X-ray and neutron data, it is possible
to determine s, and s, by the refinement (Yamamoto,
Kajitani & Morii, 1995).

After the refinement, we can draw difference Fourier
maps or the electron-density map by the maximum-
entropy method (MEM map) to tailor the shape of the oc-
cupation domains or to divide large occupation domains
into smaller ones or several shells. In i-Al-Pd—Mn, the
shell approximation is quite good (Boudard, Boissieu,
Janot, Heger, Beeli, Nissen, Vincent, Ibberson, Audier
& Dubois, 1992). In order to refine the shape of the
occupation domains, the method of Elcoro, Pérez-Mato
& Madariaga (1994) mentioned in §10 can be applied,
where the deviation from the circle or sphere is expanded
in terms of trigonometric functions or spherical harmon-
ics and their amplitudes are refined by the least-squares
method. This was successfully applied to i-Al-Cu—Li.

It is reasonable to expect a deviation from the ideal
atom positions, which are obtained from the occupation
domains at special positions with high symmetries. In
order to introduce such shifts, it is necessary to subdivide
the large occupation domain at the special positions into
smaller ones as mentioned in the previous section. Then
the center of such occupation domains cannot shift in
many cases because of the high site symmetry but the
small domains around it can shift along some direction
in the external space, since the site symmetry of such
subdomains is in general lower than that of the central
domain. For example, the domain E, in Fig. 41(a) is
on the mirror plane including e’ N and d; (the tenfold
axis), so that only a shift in the mirror plane is possible.
The domain E, is on the mirror plane perpendicular
to the tenfold axis. This inhibits a shift along the d;
axis but allows one along e} = (2¢/5'/%)[c;a, + s, az]
On the other hand the domain A, allows a shift along
both ds and €. A domain at the general position allows
a shift along three independent directions.

The refinement of the shift based on cluster models
has been made for d-Al-Pd-Mn and i-Al-Pd-Mn
(Yamamoto, Matsuo, Yamanoi, Tsai, Hiraga &
Masumoto, 1995). For both cases, the reduction of
the weighted R factor (for 1311 and 1137 independent
reflections) was about 5% compared to ideal models
where the shift is not taken into account. The maximum
shift was about 0.3 A. This means that the the shift is
important and not negligible.

18. Maximum-entropy method

The maximum-entropy method (MEM) is known to
be efficient in solving normal crystal structures and to
determine their electron density (Bricogne & Gilmore,
1990; Sakata & Sato, 1990). Recently, it was applied to
quasicrystals and its potential for their structure analysis
was discussed (Steurer, 1991). The MEM for quasicrys-
tals in nD space necessitates the calculation technique
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discussed below because it requires a large computer
memory. For unknown structures, we need to know the
phases of several structure factors. The electron density
p(r) at r in nD space is calculated from the prior density
7(r) repeatedly by

p(r) = 7(r) exp[Ap(r)] (70)
with
Ap(r) = A ?[Fobs(h) = Fy(h)]
x exp(—2xih - r)/o?(h), (71)

where A and 1/02(h) are the Lagrange multiplier and
the weights of the reflections. The phase of a calculated
structure factor F(h) is used for an observed structure
factor F,, (h). The calculated structure factor is given
by the Fourier transform of 7(r):

F_(h) =V 3 7(r) exp(27mih - r), (72)

where V is the unit-cell volume. Initial density 7(r) and
structure factors F, (h) are obtained by the structure
refinement based on a model. Phases of several strongest
reflections are fixed as known phases in the iteration.
The initial density used in the MEM is obtained, for ex-
ample, from the inverse Fourier transform of £, (h) for
independent reflections and equivalent ones generated by
symmetry operations, after truncating its negative parts
at a small positive value because MEM requires initial
electron density that is positive everywhere. Yamamoto,
Weber, Sato, Kato, Ohshima, Tsai, Niikura, Hiraga,
Inoue & Masumoto (1996) proposed a slightly modified
method with faster convergence, where the following
expression is employed instead of (70):

p(r) = 7(r) exp(Ap(r)/{[T(r)]'/2 + E}) (73)
where ¢ is a small positive number.

One of the merits of this method is that it provides
an electron density that gives a small R factor and is
positive everywhere. Since this method estimates the
intensities of many unobserved reflections that have
large components of diffraction vectors in the internal
space, the boundary of the occupation domain is very
sharp compared to that of Fourier maps. The peak
height of high electron-density regions is also higher.
Thus, we can easily see the electron density giving
small R factors. This is suitable to tailor the occupation
domains or to modify models. There exists one problem
in the calculation of MEM maps. This method needs a
large computer memory since it calculates the electron
density at many grid points in the unit cell of nD
space. The nD space necessitates more memory with
increasing 7, so that the calculations of MEM maps
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for the icosahedral lattice gives serious problems. The
situation is however improved by the application of simi-
larity transformations. The MEM map of i-Al-Pd-Mn is
shown in Fig. 42(a) (Yamamoto, 1995). This map uses
1137 independent reflections. It is noted that the cut-
off of the electron density (boundary of the occupation
domain) along the internal space is sharp compared to
the Fourier map in Fig. 42(b).

19. Superstructures in quasicrystals

A superstructure in 5D space was found recently in
d-Al,(Ni,;Co,s (Edagawa, Ichihara, Suzuki & Takeuchi,
1992). This is the superstructure discussed by Ishihara &
Yamamoto (1988). In general, the quasiperiodic tilings
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Fig. 42. The electron-density maps of i-Al-Pd-Mn obtained from (a)
the maximum-entropy method and (b) Fourier synthesis.
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given by the PM can be regarded as superstructures
except for the cases where the tilings are obtained from
the nD space with minimum dimension by the PM. The
exceptional cases are the octagonal Penrose tiling in the
4D octagonal lattice and the 3D Penrose tiling in the 6D
icosahedral lattice. In these cases, it should be noted
that the tiling is obtained from only one occupation
domain at the origin. On the other hand, in the other
cases, there are several occupation domains causing the
superstructure. The tilings listed in Table 14 can be
regarded as superstructures of the tilings given in Table
13.

For example, the rhombic Penrose tiling or binary
tiling in the decagonal lattice in 4D space are regarded as
the superstructure of the pentagonal Penrose tiling. This
is because the occupation domains of the superstructure
are located at the lattice points of a smaller cell but their
shape and size are different. Therefore, if we place all
the lattice points of the smaller cell within the unit cell
of the superstructure, we obtain a tiling with a smaller
period. In fact, if we place the same decagonal occu-
pation domains at the five special positions (%, ¢, 7,%)/5
(@ =0,1,2,3,4) in a 4D decagonal lattice in contrast
to different pentagons in the Penrose tiling, we get
the pentagonal Penrose tiling. Then, the five positions
are translationally equivalent with the decagonal lattice
with 1/5 cell volume. The diffraction patterns of the
pentagonal Penrose and rhombic Penrose tilings are
shown by Hiraga, Sun & Yamamoto (1994). Similarly,
the dodecagonal Penrose tiling is a superstructure of
the Stampfli tiling. In this case, the unit-cell volume of
the former is nine times larger than that of the latter
(Yamamoto, 1995).

In the Socolar 3D tiling, there are two occupation
domains at (1,1,1,1,1,1)/4and (3,1, 1,1, 1, 1)/4 of the
face-centered icosahedral lattice (Fig. 24) as mentioned
in §6. This is equivalent to the structure with the same
occupation domains at the origin and (1,0,0,0,0,0)/2
of the same face-centered lattice, since the positions
are the special positions with site symmetry m35 and,
therefore, the latter is obtained from the former by
just changing the origin. Thus, if we place the same
occupation domains at these two positions and equiva-
lent positions to them by the centering translations of
the face-centered lattice, we obtain a structure with the
primitive icosahedral lattice with a half lattice constant,
One such structure is the 3D Penrose tiling, where the
occupation domain is a rhombic triacontahedron.

In a real superstructure like d-Al,;Ni,;Co,s, the num-
ber of occupation domains may be five times larger than
that of the normal structure (Hiraga, Sun & Yamamoto,
1994). Some occupation domains are located at positions
with low site symmetry. This increases the number of
parameters and makes the structure analysis difficult.
Hiraga, Lincoln & Sun (1991) proposed a model for
the superstructure based on HRTEM images. However,
no analysis has been done based on single-crystal X-ray
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data, though the intensities of satellite reflections can be
collected, since there are strong satellite refiections and
high-quality single crystals are available.

It is known that there are several superstructures
with the face-centered icosahedral lattice with a lattice
constant of about 9.6 or 10A. They are classified
into two types, which are called the Mackay type
and Frank-Kasper type. Examples of the former are
i-Al-Cu-Fe, i-Al-Pd-Mn and of the latter i-Al-Mg-Li
and i-Zn-Mg-Y. For the former, the large occupation
domains are located at (0, 0,0, 0, 0,0), (1,0, 0,0, 0,0)/2,
3, 1,1,1,1,1)/4 (Cornier-Quiquandon, Quivy,
Lefebvre, Elkaim, Heger, Katz & Gratias, 1991;
Yamamoto, Sato, Kato, Tsai & Masumoto, 1994).
On the other hand, in i-Zn-Mg-Y, they are at
0,0,0,0,0,0), (1,0,0,0,0,0)/2, (1,1,1,1,1,1)/4
and (3,1,1,1,1,1)/4 but the shifts from the ideal
positions seem to be very large compared with the
former (Yamamoto, Weber, Sato, Kato, Ohshima, Tsai,
Niikura, Hiraga, Inoue & Masumoto, 1996).

The author thanks S. Weber, NIRIM, for drawing
Figs. 39 and 41.
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